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Diameter  distributions and yields f o r  var ious  combinations of si te 
index, age, and density fo r  unthinned and largely undisturbed s tands of 
yellow-poplar (Liriodendron tulipifera L. ) have been presented by iLilcGee 
and Della-Bianca (19671 and Eeck and Della-Bianca (1970). The i r  resu l t s  
were  based on the initial measurements  of a network of permanent sarn- 
ple plots throughout the southern Appalachians. In this paper  we present  
equations f o r  predicting basa l -a rea  growth and cubic-foot volume growth 
and yield in s tands thinned to var ious  levels  of basa l  a r e a ,  These  resu l t s  
a r e  based on measurements  of the permanent  plots taken 5 y e a r s  af ter  
the initial thinnings. 

METHODS 

Plot Selection 

Data fo r  this study were  obtained f r o m  141 c i rcu la r ,  +-acre  plots 
established in the Appalachian Mountains of North Carolina (93 plots), 
Virginia (3  1 plots), and Georgia (1 7 plots).  To be included in the study, 
the plots had to contain 75 percent  o r  m o r e  yellow-poplar in the over-  
s tory,  be f r e e  f rom insect  and d i sease  damage, and show no evidence of 
pas t  cutting, All plots came f rom even-aged s tands ranging in age f rom 
17 to 76 years .  Site index ranged f r o m  74 to 138 feet ,  Site index a t  age 
50 was determined with an equation (Beck 1962) that used average height 
and age of the five ta l les t  yellow-poplar t r e e s  in each plot. Initial basal  
a r e a  var ied f rom 44 to 208 squa re  feet  p e r  a c r e .  

Thinning 

To obtain a range of basa l  a r e a  f o r  var ious  s i te-age combinations, 
each plot was thinned at the t ime of installation. P r i o r  to thinning, each 
plot was ass igned to a basa l -a rea  c l a s s  and then thinned to the midpoint 
of a randomly selected lower  basa l -a rea  c lass .  F o r  example,  s tands 



with 91 through 110 square feet of basal area  per  acre  would be assigned 
to the 100-foot class, then thinned to the 80-, 60-, o r  40-square-foot 
basal-area class. 

Low thinning (Society of American Fores ters  1964) was used to re-  
duce the stand basal area.  Suppressed t rees  were cut f irs t ,  then thinning 
was extended into higher crown classes a s  needed to obtain the desired 
residual density in well-spaced trees. The effectof this procedure was 
to reduce the range of t ree diameters and concentrate the growing stock 
in the dominant and codominant crown classes. A +-chain isolation strip 
around each a-acre plot was thinned to the same residual basal area  as  
the plot. All t rees and shrubs l e s s  than 4.5 inches d. b. h. were cut to 
ground level to eliminate competition from stems other than residual 
t rees  (fig. 1). Species other than yellow-poplar were generally cut in 
thinning, except in a few plots other species were retained to avoid i r -  
regular spacing among residual yellow-poplar trees. Stand densities im- 
mediately after thinning ranged from 40 to 160 square feet of basal area  
pe r  acre  in trees 4.5 inches d. b. h. and over. Table 1 shows distribution 
of plots at the beginning of the 5-year measurement period by site index, 
age, and residual stand density. 

Figure 1. --A 35-year-old yellow-poplar stand, site index 99, after thinning to 
42  square feet of basal area per  acre. Al l  t rees  and shrubs less than 4.5 
inches  d. b, h,  were cut to ground level. 



Table 1. --Distribution of yellow-poplar plots by s i te  index, age, and 
res idual  basa l  a r e a  after thinning 

Y e a r s  - Number of plots - - - 



Volume Estimates 

Volumes and basal areas  were computed when the plots were thinned 
and again after five growing seasons. All stems, 4.5 inches d. b, h. and 
over, were measured by diameter tape and tallied to the nearest 0.1 inch. 
Total t ree height was measured for  the f i r s t  t ree and every tenth tree 
thereafter in each 1-inch diameter class. For  each plot a height- 

1" diameter equation of the general form log ht. = a t  b(d. b. h. )' was fitted 
by least squares to the height and diameter data obtained from every 
tenth tree; the results were used to estimate total height for  each tree 
in the plot. The volume in individual t rees  was determined from existing 
equations (Beck 1963, 1964). Plot volumes were computed from these data. 

Analysis 

The analysis was accomplished by using the system of compatible 
growth and yield models proposed by Clutter (1963) and later  extended and 
refined by Sullivan and Clutter (1972). These models allow prediction of 
basal a rea  and volume at some projected age when site index, initial age, 
and basal a rea  a r e  given. The projection model we used in this study is: 

Where: Y2 is stand volume at some projected age A2; S is site index; 
B1 is present basal area; A1 is present age; and in indicates the natural 
(Naperian) logarithm. 

When A2 = A1 = A, i. e . ,  the projection period is zero years, and 
B1 = B2 = B, then equation (1) reduces to the general yield model o r  stand 
volume equation: 

The yield projection model, equation (1 ), was essentially derived 
by substituting a basal-area projection equation for  the basal-area term 
in a stand-volume equation, such a s  equation (2). Therefore, inserting 
1nY2, A2, and 1nB2 into equation ( 2 )  and getting the resulting expression 
equal to the right side of equation (I),  then solving the equality for lnBZ 
gives the model for  projected basal a rea  B2 at projected age A2: 

By taking the f i rs t  derivative of the basal-area yield model, equa- 
tion (3), with respect to age, the equation f o r  basal-area growth is 
obtained: 



Likewise, the f i r s t  derivative of the cubic-foot yield model, equa- 
tion (2), gives the cubic-foot growth model: 

The variable y2:: is total cubic-foot yield calculated with equation (2) .  
The parameters of the basic yield model, equation (11, were estimated by 
the least squares method using total cubic-foot stand volume a s  the yield 
observation. In fitting the equation, data taken following thinning at plot 
establishment and again 5 years af ter  thinning were combined, for  a 
total of 282 observations. In this procedure, the data taken at estab- 
lishment a r e  viewed a s  observations on the yield projection function in 
equation (1) with projection period = zero, so A2 = A1. The data taken 
at remeasurement a r e  viewed a s  observations on the same yield function 
after  a 5-year projection period, i. e. , A2 = A1 + 5. In fitting the least 
squares regression, the two se ts  a r e  treated a s  independent observations 
when they a re  not. The consequences of this for  statistical inference 
were not serious in the case examined by Sullivan and Clutter (1972). 
Readers interested in detailed justification for the procedure a r e  referred 
to this paper, 

RESULTS 

All independent variables of the yield model were highly significant 
(table 2); hence, projected total cubic-foot yield per acre  was estimated 
by: 

T a b l e  2. - -Ana lys i s  of v a r i a n c e  f o r  p r o j e c t e d  to ta l  cubic-foot  y ie ld  p e r  a c r e  of ye l low-popla r  

Ef fec t  of (s-') 1 6.02912 2,084.16;i.a 

S o u r c e  

Added effect  of (k2- ' )  1 29.56379 10,219.67*;% 

Added effect  of (A1 /A2)( lnB1) 1 11.70101 4,044.83":f 

d. f. 

Added effect  of ( 1  - A 1  / A 2 )  1 16.08572 5,560.54x:i:a 

Added e f fec t  of (S)(1 - A I / A 2 )  1 0.04179 14.45*+ 

S S 

E r r o r  

To ta l  

"*<Indicates s ign i f i cance  a t  .O1 l e v e l  of p robab i l i ty .  

MS F 



Growth and yield equations derived directly from the fitted regres-  
sion equation (6) are:  

Total cubic-foot yield per ac re  when A2  = r l l  = A: 

lnY = 5.36437 - 101.16296(~-l) - 22.00048(~-') 

Projected basal-area yield per  acre:  

Instantaneous basal-area growth per  acre  pe r  year: 

Instantaneous total cubic-foot growth pe r  ac re  per  year: 

dY/dA = ?1*[3.71796(~-1) + 0.016 1 9 ( ~ ) ( ~ - ' )  

With y:" = Y computed by equation (7).  

The values of the dependent variables for  equations (6) through (10) 
were solved for each of 141 plots, and residuals were plotted against each 
of the independent variables. There were no discernible trends of the re-  
siduals with site index, age, o r  basal area.  Curves of estimated values 
for specified combinations of site index, age, and density were logical in 
form and reasonable in predicted values. Comparisons of actual and es-  
timated yellow-poplar growth and yield a r e  summarized in table 3 .  

Estimates from equations (6) through (10) for selected values of the 
independent variables a r e  shown in the Appendix (tables 5 through 7 and 
figures 8 and 9). Table 5, from equation (7), gives estimates of present 
yellow-poplar stand volume in total cubic feet per  acre  for various com- 
binations of site index, age, and stand basal area.  Figures 8 and 9 (from 
equations (8) and (6), respectively) show the projected development of 
basal area  and total cubic-foot volume in yellow-poplar stands with pre- 
scribed initial basal areas.  Tables 6 and 7 (from equations (9) and ( l o ) ,  
respectively) show instantaneous basal-area growth and total cubic-foot 
growth per  a c r e  pe r  year for  given site-index, age, and basal-area values. 

DISCUSSION 

The equations presented in this paper a r e  a f i rs t  approximation to 
the growth and yield response surfaces f o r  thinned yellow-poplar stands. 
The fit of the yield equations to the data compares favorably with that re-  



Table 3. --Comparisons of observed and estimated yellon -poplar grolh th and 
yield per a c r e  after thinning 

Data se t  

Percent  

('7) Fi r s t  period total cubic-foot 3,778 
measurements used a s  yield 
observations 

(7) Second period total cubic- 
foot measurements used a s  
yield observations 

(6)  Second period total cubic- 
foot volumes a s  projected 
f rom f i rs t  period rneasure- 
rnents 

(10) Instantaneous total cubic- 
foot growth p e r  year  

(81 Second period basal a r e a  
(sq. f t . /acre)  a s  projected 
f rom f i r s t  period measure-  
ments 

19) Instantaneous basal-area 
growth (sq.  ft. / a c r e / y e a r )  

ported for loblolly pine by Sullivan and Clutter (1972). The fit of the 
basal-area growth and cubic-foot volume growth equations i s  also com- 
parable to that found for loblolly pine at  the f irst  5-year remeasurement 
(Wenger et al. 1958). Experience with other t ree species has shown that 
we can expect the precision of growth and yield predictors to improve a s  
we accumulate additional cutting cycles and remeasurements in our per- 
manent sample plots. Until additional data become available, however, 
the equations and graphs presented here a r e  useful in estimating the ef- 
fects of varying initial densities on basal-area growth, total cubic-foot 
growth, and total cubic-foot production. 

Figures 2 and 3, from equations (9) and (lO),illustrate the relation- 
ship of basal-area growth and total cubic-foot volume growth to initial 
basal area  of thinned yellow-poplar stands over a range of site indices at 
a given stand age. The relatively flat curve with culmination of growth 
at progressively higher basal areas  a s  site quality increases is similar  
to that found fo r  loblolly pine (Nelson et al. 1961). Basal-area growth, 
in particular, changes but little over a wide range of residual basal areas.  
F o r  example, a 40-year-old yellow-poplar stand on site index 110 pro- 
duces basal a rea  at  better than 95 percent; of i t s  maximum rate for  basal 
a reas  between 70 and 140 square feet per  acre. 

Figures 2 and 3 also point up the need to know site quality of yellow- 
poplar stands and to manage thern accordingly. For  example, on site 
index 90 land, maximum basal-area growth in a 40-year-old stand is 



Figure 2. --Instantaneous basal-area growth in relation to 
s i te  index and residual basal a r ea  at  age 40. 

Figure 3 .  --Instantaneous total cubic-foot growth in rela- 
tion to site index and residual basal a r ea  a t  age 40. 



reached at approximately 80 square feet of basal area  per  acre.  But on 
site index 130 in a 40-year-old stand, the rate of basal-area growth is 
still  increasing at 160 square feet of basal a rea  per  acre,  indicating that 
high residual densities a r e  justifiable for our best yellow-poplar sites. 

Probably the most instructive comparisons can be made by using 
equation (6) for projected total cubic-foot yield and equation (8) for pro- 
jected basal area. By evaluating these equations with different values 
for the independent variables, the results by varying density, rotation 
age, and thinning regime can be examined. Figures 8 and 9, for  example, 
a r e  graphic presentations of solutions of the projecting equations for  
several initial densities and site-index values at age 20. 

Consider, for  example, a previously unthinned stand of 40-year-old 
yellow-poplar at site index 110 and with 150 square feet of basal a rea  per  
acre. To concentrate growth on the best t rees,  the stand must be thinned. 
What thinning regime should be followed? Figures 4 through 7 illustrate 
basal-area and cubic-foot yield under two of many alternative schemes. 
Under option A (figures 4 and 5), the stand is thinned to 120 square feet 
of basal a rea  per ac re  and carried to rotation age 70 without further thin- 
ning. Under option B (figures 6 and 7), the 40-year-old stand is thinned 
to 120 square feet of basal a rea  per  acre, is rethinned to the same level 
at age 50 and again at  age 60, and liquidated at age 70. 

In order  to graphically project total cubic-foot yield i t  is necessary 
to f i rs t  project basal area. For  example, to determine production under 
option A, enter figure 4 at age 40 and 150 square feet of basal area. This 
point lies approximately on the curve of expected development for a stand 
that began with 80 square feet of basal a rea  at  age 20. When the stand is 
thinned to 120 square feet per  acre  it drops down to the curve for  a stand 
with a basal a rea  at age 20 of 50 square feet per  acre  and develops along 
this curve to age 70. In figure 5, enter at  age 40 and go up to the curve 
for  basal a rea  80 at age 20. Estimated total cubic-foot yield of the stand 
is read off the left. Dropping down to the curve for  basal a rea  50 at age 
20 gives total cubic-foot yield of the stand at age 40 after thinning. Pro- 
jecting the stand along the curve for  basal a rea  50 at age 20 gives total 
cubic-foot yield at age 70 under option A. 

Basal-area and total cubic-foot yield under options A and B a r e  
summarized in table 4. In total cubic-foot yield there i s  no measurable 
difference between the two thinning options. On the other hand, tree-size 
distribution and possibly merchantable yields would differ, permitting a 
choice of thinning regimes based on these factors. 
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Figure 4.--Predicted basal-area yield fo r  yellow-poplar stand of s i t e  index 
110 with basal  a r e a  of 150 square  feet  a t  age 40 under option A. 

AGE ( Y E A R S )  

Figure 5. --Predicted total cubic-foot yield fo r  yellow-poplar stand of s i t e  
index 110 with basal  a r e a  of 150 square  feet a t  age 40 under option A. 
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Figure 6 . -  -Predicted basal-area yield f o r  yellow-poplar stand of s i t e  index 
110 with basal  a r e a  of 150 square  feet a t  age 40 under option B. 
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Figure 7. --Predicted total cubic-foot yield f o r  yellow-poplar stand of s i t e  
index 110 with basal  a r e a  of 150 square  feet  a t  age 40 under option B. 



Table 4. --Yield f o r  a yellow-poplar stand with s i te  index 110, age 40, with 150 square feet 
of basal a r e a  p e r  acre ,  under two thinning options 

OPTION A 

- - - -  -Sq, f t . / a c r e -  - - - - - - - - - Cu. ft . /acre - - - - - 
4 0 150 120 3 0 6,379 5,149 1,230 

70 174 0 174 9,350 0 9,3 50 
- 

Total 204 10,580 

OPTION B 
- 

40 150 

5 0 143 

6 0 139 

70 136 

Total 
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APPENDIX 



Table 5. --Total cubic-foot yield fo r  Chinned stands of yellow-poplar1 

S I T E  INDEX 90 

SITE INDEX 100 

SITE INDEX 110 

SITE INDEX 120 

lOnly bole wood and bark of t r ee s  4.5 inches d. b, h. and l a r g e r  a r e  included. 



Table 5, --Total cuolc-foot ; re td  for thlnned stands of y e l l ~ u - ~ o ~ l a r l  (contrnuec?) 

'only bole ~r;ood and h a r k  of t r ee s  4.5 inches d.b. t-i. and larger are included. 

SITE IXDEX 130 

Table 6. --Instantaneous basal-area growth fo r  thinned stands of yellow -poplar a 

SITE INDEX 90 

Ane  

SITE INDEX 100 

Basal area isq. ft.:acrei 

'Only t r e e s  4.5 inches d. b, h. and l a r g e r  a r e  included. 
a ~ i r s t  derivative of equation (81, equation (91. 



Table 6. --Instantaneous basal-area growth fo r  thinned s tands  of yellow-poplarl a (continued) 

SITE INDEX 110 

SITE INDEX 120 

SITE INDEX 130 

l Only t r e e s  4.5 inches d. b. h. and l a r g e r  a r e  included. 
F i r s t  derivative of equation (81, equation (9). 



Table  7, --Instantaneous total  cubic-foot growth f o r  thinned s tands  of yetlou~-poplarl  

SITE IXDEX 90 

- - - - - - - - - - - - - - - - - - -  - Cu. f t . / a c r e i y e a r  - - 

SITE INDEX 100 

SITE INDEX 110 

'on ly  bole wood and ba rk  of t r e e s  4.5 inches  d,  b. h. and  l a r g e r  a r e  included. 
a F i r s t  der iva t ive  of equation f7),  equation (10). 



Table 7. --Instantaneous total cubic-foot growth for  thinned stands of yellow-poplar' a (continued) 

SITE INDEX 120 

-- - 

SITE INDEX 130 

10nly bole wood and bark of t r ees  4.5 inches d. b. h. and l a r g e r  a r e  included. 
a F i r s t  derivative of equation (71, equation (10). 
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Figure 8, --Projected basal-area yield by site index, age, 
and basal area at age 20. 
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Figure 9. --Projected total cubic-foot yield by site index, 
age, and basal area at age 20. 
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