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NEWTREE-MEASUREMENT CONCEPTS .
HEI GHT _ACCUMULATI ON, G ANT TREE, TAPER AND SHAPE

L. R Gosenbaugh
Sout hern Forest Experiment Station

An entirely new concept of tree measurement was announced by the
author in 1948 (11). Since the original theory and applications have
subsequent |y been broadened considerably, it seens advisable to pub-
lish the entire devel opnent in readily usable form along with other
material hel pful in tree nmeasurenent.

In its essence, the new concept consists of selecting tree
diameters above d.b.h. in dimnishing arithnetic progression (equivalent
to saying that outside-bark diameter is treated as the independent
variable); then tree height to each such dianeter is estimated, recorded,
and accumulated. This reverses the classical tree measurement concept
whi ch regarded height as the evenly-spaced independent variable, and
whi ch estimated and recorded dianeter at regular intervals of height.

The greatest advantage of the new concept lies in the ease with
whi ch individual trees can be broken down into various classes of
material and recombined with simlar portions of other trees, using
punched cards, business machines, or both. Sections varying in |ength
and grade (fromdifferent trees) can be sorted by grade-diameter groups
within which lengths will be additive. The ability of nodern business
machines to accunul ate has been largely wasted in conventional procedures
where height is treated as the independent variable. Their capability
can be nuch nore fully exploited in the new procedure using di ameter as
the independent variable

Anot her advantage lies in the convenience of being able to use
height, the sum of heights, and the sum of height-accunulations to
cal culate volune and surface of individual trees (or of classes contain-
ing portions of several trees). Final tabulations can be readily con-
verted into surface, cubic volume, or volune by a number of |og rules;
no volume tables are required. Little extra work is involved in
tabul ating volunes to several different nerchantable tops, or in segre-
gating volume by grades.

There are already in existence dendroneters which are well
adapted to locating dianmeters in dimnishing progression along the bole
of a standing tree--the Biltnore pachymeter (4), the Clark dendroneter
(6),the Bitterlich relascope (1) and Spiegel-relascope (2), and the
Bruce slope-rotated wedge-prism (3), to mention a few. However, anyone
currently content to use arbitrary volune tables not based on valid



sampling Of the given tree population, or to estimate butt-log form-
class and accept arbitrary upper-log taper assunptions can use the new
technique with the crudest instruments and still not exceed the error
currently ignored or tolerated in comonly used vol une-table techniques.

This paper not only describes the theory and application of the
new concept but al so makes available for the first time a giant-tree
table, and discusses tree taper and shape.



HEI GHT ACCUMULATI ON- - A NEW CONCEPT
If a peeled 16-foot log with a small-end d.i.b. (dianmeter inside
bark) of 8inches, and a large-end d.i.b. of 10 inches is stood upright
onits large end, and if heights (H are measured as the nunber of 4-foot
sections occurring beneath dianeters in the conplete progressive series
2 inches, L4 inches, 6inches, 8inches, and 10 inches

the record wll appear as follows:

d.i.b.
(i nches) H
umber
2 I
i b
6 L
R I
10 0

Tt will be noticed that all diameters in the series which are

smal ler than the small end of the |og have the sane height as the smal
end.

Now i f these heights are differenced (upper minus |ower) and if
each difference in height is expressed as (L), the calculation wll
appear as follows:

d.i.b.
(inches) L H
- = = Nunber - - =
2 0 L
4 0 I
_6_ o_ L
8 i N
10 0 0

Finally, if heights are accunulated so that each entry indicates
the progressive total (H') of all heights recorded beneath it, and L, H
and H' are then sunmed, the calculation will appear as follows:

d.i.b.
(i nches) L H H'
""" UNMDEl « = » « = =
2 0 i 16
i 0 L 12
6 0 L 8 _
g8 T~ F~ " ThW-sL in
10 0 0 0




Now these three sums can be converted to units of volune (or
surface) by referring to Appendix A~ Were taper-step is 2 inches,

. . . . d.i.b. -
where height is expressed in 4-foot units, and where Toh L

(i.e., where it is not necessary to correct for bark included in

di aneter nmeasurements), the board-foot volume by the Doyle [og rule

can be calculated as: 2FXH' -5ZH + 4XL =80 - 80 + 16 = 16 bd. ft.
This is identical with the volume obtained vy the conventional Doyle
rule for 16-foot logs: (d.i.b. -4)2 = 16. The theory behind all this
is discussed in Appendix E

O course, the height-accumulation technique offers no advantage
over the conventional method in the sinple case above, but the new
technique has real utility in nmore conplicated tinber-cruising or tree-
measur ement situations.

This technique can be applied When d.o.b. (diameter outside bark)
i's measured but volume inside bark is desired. For purposes of illus-
tration, it wll be postulated that bark constitutes 10 percent of

d.o.b. (i.e., that maa%%b ratiois.90), that all heights are

measured above a 1/2-foot 'st'ur'rp whose d.o.b. is assuned to be 2 inches
greater than d.b.h., that it has been decided to adopi™a taper-step Of

2 inches, and that |engths, heights, and height-accumulations wll be
expressed as nunber of L-foot sections.

The heights to regularly dimnishing diameters of a 20-inch tree
with five 16-foot logs (or twenty 4-foot sections) to the limt of mer-
chantability mght be estimated as in the boxed portion of the follow ng

tabul ati on:

d.o.b.
(i nches) L H H
Nunber of L=foot sections
2
) I 20 143
6 123
8 0 il 103
0 83
merch. top 10 bl 20=XL 63
12 2 16 43
1k 5 14 27
16 6 9 13
18 2 3 4
d. b. h. 20 1 1" 1
20=gL: 143 =%xXH: 603 =XH":

Note that there nust be an H and an g' for every 2-inch di ameter
step in a conplete progression between (but excluding) stunp and zero,
even though no nerchantable material is found outside the box beyond
the nerchantable top d.o.b. of lo-inches. Merchantable height nust be
repeated for each progressive diameter |ess than this merchantable top,



however. Actually, if the conplete H colum (commencing with the H cor-
responding to d.b.h. and including repeated heights outside the box) is
entered in a 2-register bookkeepi ng machine which can transfer subtotals
fromfirst to second register without clearing, then > H and £ H' can be
automatical Iy and sinultaneously conputed, and Z L will be the |ast

entry in the H colum. Some people may prefer to invert the colum of
diameters so that the corresponding H and H* col ums progress downward
as on the bookkeeping machine tape, but this is nerely a matter of per-
sonal  preference, as long as the arithmetic accunulation proceeds in a
direction which is up the tree.

Thus, 3 H' =603, ¥ H= 143, and > L = 20 for a 20-inch five-log
tree described In ternms of Has 20: 1. 3: 9: 1k:16: 20, with.4 nore 20's
needed to conplete the dimnishing diameter progression. Appendix A
gives coefficients A B, C appropriate for these accunul ations where
unit-height is 4 feet, where taper-step is 2 inches, and where nean

g'gif‘ ratio is .90. The appropriate A, B, C coefficients convert the

accunul ations into surface or cubic volume (inside or outside bark) and
into board-foot volune according to International 1/4-inch |og rule,
Scribner formula log rule, or Doyle log rule. This is denmonstrated bel ow
for surface, cubic volume, and International |/4-inch volune:

Surface inside bark = 1.88(143) + .942(20) = 288 sq. ft. i.b.
Cubic vol. inside bark =.141( 603) I1- .0236(20) = 85.5 cu. ft. i.b.
Int. |/4-inch vol. = 1.29(603) -1.34(143) - .284(20) = 580 bd. ft.

Al though the simple tally and bookkeepi ng- machi ne technique just
outlined is well adapted to many situations, a nore useful method in-
vol ves punch-card breskdown of the tree into sections classified by grade
(or utility) and d.o.b.. Lengths of such sections can then be machine-
sorted and accumul ated by grade-dianeter classes, and need not be con-
verted to volume till the last step. |f mark-sensing is enployed, morb
than one mark-sensed card may be needed per tree, depending On how nuch
informtion is desired. It is assumed that plot information will be
recorded on a separate mark-sensed card. In addition to plot nunber,
species, defect class, and priority class, only d.b.h. and the graded
| ength of each taper-step need be recorded in the field on the mark-
sensed tree-card. For the tree used in the preceding exanple, the latter
information woul d be talldied as d.b.h. and successive L's with their
grades A, B, C D, etc., thus:

20: 1A: 2A: &B: 5B: 2C ke
In actual practice, of course, grades would be coded nunerically.

This would require only 14 of the 27 colums on a mark-sensed
card. Cccasionally it mght be nore convenient for the estimator to
record Hinstead of L, but ordinarily this would waste mark-sensed
colutms and woul d require differencing later, if a breakdown by grades
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is desired. The 27-column mark-sensed cards will later be automatically
punched, and in sone cases may suffice for volume cal culations, in con-
junction with a 3-register bookkeeping nmachine. Cenerally, however, they
will be used to reproduce a card for each tree se&on, so that these ecan
easily be sorted and accumul ated, after which ¥ L, ¥ H and ¥ H' can be
directly obtained by the progressive totalling process on some accounting
machi ne such as the |BM 402 or 403.

To illustrate quite sinply how the mechanics of the sorting and
reconbi ning procedure mght work, suppose that (in addition to the 20-
inch tree described above) there were also an 18-inch tree, with d.b.h.
and graded lengths (L) recorded as. 18: 1A: 3B: 4B: 4C: 3D: Separate
cards woul d be punched for each Iength in each tree, with a zero-length
master card in each summarized d.o.b.-grade group to facilitate progres-
sive totalling. A series of machine sorts and tabul ations (by grade in
each d.o.b. class)would break down the trees into their elenents and
woul d recombine and summarize them thus:

d.o.b. of sections

: Sums of
:1st and 2nd
:progressive
. , e et VS SUMS

20 18 ‘16114 12 110! 8 6Lm4§211_IL,LXHiZE'
I R )

Tree #1) 1A, 2A | 6B : 5B '2C | 4 i 0 {0 [0 | 0 i 20143 | 603
Tree #2 !1A 1 3B 4B 4 3D} 0 0 O 0 {f 15 | 100 ; 394

- - ; AU R j

Total {1 {3 {9 19 i6 7 ;0 i0 0o ol 35]2k3]g97
Alr i3 1o ofofojojoio ol u| 37|19

B 9 19 10 0 |0 |0 {0 |0 1811351 576

C i ; 16 b oo {0 {0l 10 56186

D ; ! | , 3 /010 ’[ 0o |o 31 15| ks
Total |1 |3 9j9i6j7 0 jo o ol 35|23 | 997

The individual tree sums and progressive sums are not needed, except
toillustrate that they agree with the later partition by grades.

The ¥y’ ¥H, and L for each grade can be converted to vol ume by

using the A, B, C coefficients in Appendix A if an appropriate g'i’g'

ratio is chosen. Although for nost purposes this ratio is adequately

estimated as the sanple-based ratio \/Y—Ol—-—u-l?f——i-'—p-'— with linear interpol a-
volume o.b.

tion between tabled values of A B, C occasionally it may be found desir-

able to sanple both d.i.b. and d.o.b. at reqular intervals of |ength and

. . 3 (4.i.v.)° 2(a.i.p.)
to derive two ratios: ——_——_Z('d.o.b.)z and m. These should be




applied to outside-bark volume and surface fornul ae respectively, and
the resultant fornulae should be nultiplied by the log rule formulae
given in Appendix E to derive A, B, Ccoefficients nore appropriate
than those obtained by linear interpolation from Appendix A \Were

vol ume or surface including bark is desired, the coefficients given for

d.i.b. Co ; : ;
HTETBT'ratIO = 1.00 are appropriate w thout any adjustnent.

[f it is desired to break down volune or surface summaries by
d.o.b. class, first nunber each d.o.b. class in the conplete series con-
secutively fromthe smallest to the largest (beginning with nunber 1),
then accunul ate the ordinals progressively fromthe beginning, then
mul tiply each length (L) by its corresponding ordinal (1), or its
ordinal accumulation (II), thus:

(1) (11)
d.o.b. Nunber ed Acevrulated (I)(1) (IT)(L)
(inches) ponsexuwjiveeys si vely L H B
2 1 1 0
4 2 3 ¢
6 3 6 U
8 L 10 0 35
10 5 15 7 36 105
12 6 21 6 126
14 g 28 9
16 36 7 252 o
‘18 9 45 % %ﬁ% 2,
20 10 55 1 10 55
35=2L 243=3H 997=3H'

Each L, when nultiplied by its corresponding entry in colum I, wll give
the appromwate H for that d.ob., and when multiplied by its correspond
ing entry in colum Il will give t he appropriate H'. O course, cumla-
tive volunes of material |arger than any specified d.o.b. could be
obtained easily by merely assigning zeros in the L colum for all smaller
d.o.b.'s, and then getting ZL, >H, 2 H' in the usual fashion. Volunes
or surfaces in any desired dianmeter class or group of diameter classes
are then obtained by mltiplying H, H L or their desired suns by the

A, B, Ccoefficients from Appendix A in the usual fashion.

One shortcut night be mentioned which frequently may furnish an

rocer table  approximation. Were the average § d. l b ratio is exactly .932

vol ume inside bark
(or where Gorime outside bark
and unit-height of 4 feet have been adopted, the board-foot volune by
the International 1/4-inch log rule can be easily calcul ated, thus:

Board feet (Int. lﬂW>:@”§O(ZHHZH-%%>

ratio s .869) , |f taper-step of 2 inches




For the tree described on page 4, this woul d be:
(1.38>(603 - 143 - -2;0) = (1.38)(L456)= 629 bd. ft.

There are three general situations in which slightly different
variations of the height-accunulation technique my be found useful

(1) Where it is desired to grade different portions of the
sample tree, the entire job should be done on punched cards, preferably
with the field tally made directly on mark-sensed cards. Trees shoul d
be graded and described in terms of d.b.h. and a series of graded L's

(rather than Hs), thus:
18: 1A:3B: 4B: uc: 3D

Separate cards should be reproduced for each d.o.b. starting with d.b.h
= 18inches, and after desired sorts are nade, an |BM 402 or 403 account-

ing machine will accumulate X L, X H Z H' for each class whose vol une
is desired, provided that L = 0 is supplied for any d.o.b. missing from

the conplete progression.

(2) Were it is not desired to grade portions of a sanple tree,
an entire tree can be punched on an individual card, with each H (or L)
recorded wunder its appropriate d.o.b. field starting with d.b.h. (e.g.,
starting with 18inches for tree # in the tabulation-on page 6),thus:

1: 4:8: 12:15: (with 15: 15: 15: 15 conpleting the H series)
orl:3 L4: 4 31 (with O: 0: 0: O conpleting the L series)

Each class for which a separate volume is desired will hawve H (or L)
summarized for each d.o.b. field occurring in it. The H (or L) sequence
(including repeat heights or zeros needed to conplete the -progression)
for each class can then be entered in a 2- (or 3-) register bookkeeping
machine able to transfer subtotals fromregister to register wthout
clearing.  Exanples of suitable 2-register bookkeeping machines in which
the H's can be entered are the Burroughs Sensimatic F-50, or the National
Cash -Register 30210 (l-6). Exanples of suitable nultiple register mach-
ines in which the L's can be entered are Burroughs Sensinatic F-200, or
National Cash Register 30412 (17) or 3100, any of which have nore than

the 3registers needed

(3)Were it is not desired to use punched cards at all, tally
for each sanple tree will consist of its d.b.h. followed by a series of

hei ghts, thus:
18 1: 4 8 120 15

Wth a taper-step (T) = 2 inches and d.b.h. of 18 inches,. there should be
d.o.h. - g entries, so 1, 4, 8, 12, and 15, 15 15 15 15 should be



entered in a 2-register bookkeeping machine to obtain 2 H and ¥ H' for
the individual tree; 2L would, of course, be equal to the last entry

(15).

In all three situations, it wll usually be found desirable to
employ the volume sanpling techniques described above nerely to get
ngune/basal area ratios which are applicable to a larger sanple of
basal area which has been stratified by species and height. A brief
di scussion of this systemmy be found on page 7 of Shortcuts for
Cuisers and Scalers (12).

Al'l the exanpl es above have enployed a taper-step of 2 inches
and unit-height of L feet because such interval and unit are nost con-
venient for United States neasure, with stunp height occurring 1 unit
below breast height. However, Appendix A also gives A B, C coeffi-
cients for taper-step of 1 inch and unit-height of 1 foot. Such inter-
val and unit are recomended only with very accurate dendroneters or
tree diagrams where unusually precise neasures are desired; 4 rather
than 1 unit-heights will occur between d.b.h. and stunp-height. Also,
Appendix A gives A B, Ccoefficients for the nobst convenient interval
and unit in the metric system taper-step of 5 centimeters and unit-
height of 1 neter.. Assuming 1 unit-height bel ow European breast-hei ght
of 1.3 neters would inply a stunp height of about 30 centimeters. Of
course, the retention of decimal fractions of a meter in height neasure-
ments woul d not change the coefficients. No board-foot volune coeffi-
cients were provided for netric intervals, since such units are not
popular in countries wusing the netric system

A B, Ccoefficients for intervals and units other than those
tabul ated may be derived fromthe basic formulae given in Appendix E



G ANT- TREE TABLE FOR SURFACE AND VOLUME

Existing tables of volume (cubic-foot or board-foot) are unsatis-
factory in that none of them gives volumes for every conbination of
length and dianeter (measured in fractional inches) apt to be encountered
in practice. To overcome this drawback without inflating table size
excessively, an accumulative table is needed. The author cal cul ated
values in Appendix B ab initio, retaining 6 to 9 significant digits unti
the final rounding to 5 digits. Al colums have been checked by summa-
tion formulae involving the sums of numbers in arithmetic progression
the sums of their squares, and the sums of their cubes. Values for the
International log rule with 1/4-inch kerf are based on the fornula first
published by H H Chapman (7), i.e., board feet - .goh762( .220°- .71D)
for a k-foot section, with taper allowance of 1/2-inch for each 4 feet.
To mnimze accunul ative and rounding error, however, the author expanded
this to a formin which taper was an inplicit joint function of length

and diameter (12).

In effect, Appendix B is a huge upright peeled log or tree, stand-
ing on a 50-inch base and tapering upward for 400 feet at the rate of
1/8-inch per foot. To use it, enter at the desired small-end d.i.b.
mark the surface or volume found opposite this diameter, nmove down the
colum a distance equal to the desired log length, mark the surface or
volume found there, and subtract the marked values

As an exanple, the board-foot volunme of a log 38-1/kinches in
diameter and 81 feet long would be:

8396
- 1447

6949 board feet (Int. |/&inch)

Cubic volume of this log would be

1004.1
- 171.6
832.5 cubic feet

Surface of this log would be:

1085.9
- 167.4

918.5 square feet

. Of course it is desirable to measure nore than just one diameter
inlong logs or trees, but occasionally that is all that it is feasible
to obtain, and a taper-assunmption of 1/8-inch per foot may not be far
am ss.

A particularly handy use of the giant-tree table is when tree
d.i.b. at the top of the first 16-foot l0g (or other reference point) is

- 10 -



nmeasured or estimated. The extra colum of tabular length 0 - 80 feet

at the end of Appendix B can be cut out and used as a sliding scale with
the table. If it is laid over the regular |length colum (positioned
between the d.i.b. colum and-the surface colum) with 16 feet on the
sliding scale opposite the neasured d.i.b., the volume between any speci -
fied heights above stunp on the tree may be conputed by subtracting the
volumes which appear opposite these heights. As an exanple, if 4.i.b.

at the top of the first 16-foot log is 17-1/8 inches, the dianeter,

hei ght, and cubic volume readings will [ook as follows after the sliding
length (or height) scale is positioned

Sliding hei ght
d.i.h. scal e Cubi ¢ volume -
'nches F e e t Cubi c feet
etc. etc.
19 o 1 749..7
- 1 7k82
17 T T IT 1766-F
Set 16 feet at 17-1/8 inches =2 €16 1745.0
15 1743. 4
14 1741.8
13 1 740.1
12 1 738.4
11 1736. 7
18 10 1 735.0
98 1733.2_ _
8 1731
DY A 1 729.6
6 1 727.8
5
L 1 60 Tl
3 1722.2
2 1 720.2
19 ol 1718.3_ _
N U 17163
The volume in the 0 - 8 foot portion of the tree would be:
1731. 4
-1716.3

— 15.7 cubic feet

while the volune in the 3 - 18 foot portion of the tree woul d be:

1 748.2
-1 731.4
~ 16.8 cubic feet

H gher portions not shown could be handled simlarly. Gades or yse-
classes coul d be assigned in the field to sections between various tree
hei ghts, and the actual differencing could be done |ater on bookkeeping
machines or punched-card machines.

- 11 -



Wien used as above, the giant-tree table has nost of the advan-
tages of formclass volune tables With arbitrary upper-log tapers, yet
only one table is needed, and that table is in a formfacilitating
breakdown of the tree into portions of varying lengths for each of which
I engt hs both cubic and board foot volumes can be easily conputed. If
cubic volunme, surface, and length of portions of a tree are known, they
can be converted to International 1/4-inch, Seribmer, or Doyl e vol unes

by coefficients in Appendix E

I't is obvious that results will not be as accurate as those
determned earlier by the new height-accumul ation nethod, because the
giant-tree table assunes taper of 1/8inch per foot between dianeter
measurenents, whereas the height-accumulation nethod utilizes actua
taper. Appendix B is very handy, however, in that It is equally sinple
to get surface or volume for a log or tree of any length, by entering
with a single diameter (to the nearlest 1/8inch)at any specified
point on the log or tree (small end, large end, mddle, or any place
else). A 1/8-inch (rather than s 1/10-inch) dianeter interval Is
inplicit in International I[/k-inch log rule assunptions where |engths
are desired in whole feet.

- 12 -



TREE TAPER AND SHAPE

When viewed fromthe butt, the taper of a tree can be defined
as its loss in dianeter divided by the length affectzd. The shape of
different portions of a tree can be visualized as a function of taper
Wiere taper tends to increase, tree shape resembles a paraboloid; where
it tends to remain constant, tree shape resenbles a conoid; where it
tends to decrease, tree shape resenbles a neiloid. The corresponding
profiles of the surfaces of these tree shapes viewed from outside the
tree would be convex, linear, and concave

In general, trees tend to be neiloidal till butt swell dis-
appears, then conoidal, and finally parabol oidal in the upper portions.
This fact is hel pful where d.v.h., nerchantabl e height, and merchant -
able top (d.oob.g have been neasured, and where it 1s desired to dis-
tribute taper between d.b.h. and top d.o.b. by eye for use in the height-
accunul ation technique. Suppose a tree 18inches in d.b.h. has 16four-
foot sections froma 1/2-foot stunp to an 8-inch merchantable top d.o.b
It can usually be arbitrarily assumed that there is a two-inch diameter
increase and one four-foot section below d.b.h. This would |eave 15
sections above d.v.h. to be distributed anong 18 ; 8 . 5 two-inch
taper - st eps. An absol utely conoidal taper (except for the neiloida
butt swell) would be recorded as:

5 taper-steps above d.b.h.
containing 15 four-foot sections

Fem e lo—
1 :3:3:3:3:3

However, |acking any intermedi ate neasures, the eye may stil
detect a convex (or paraboloidal) tendency near the top, and a better
estimte of conposite tree shape would be:

5 taper-steps above d.b.h.
containing 15four-foot sections

IN o et

P e I S e

1l :h:bh:3:2:2

When only d4.b.h. and nerchantabl e height are estimated, and no
information is available on top d.o0.b. or shape above d.b.h., a crude
conoi dal assunption has often been used in volume-table work (especially
wi th hardwoods) with reasonably satisfactory results. The International
log rule and the giant-tree table discussed earlier are exanples of such
an assunption (2 inches of taper per 16feet), If a taper assunption
of slightly Iess than 2 inches per 16 feet were deened adequate for the
hypothetical tree above, the estimate of tree shape for use in the
hei ght-accurmul ation technique would be

use four units of length per taper-step,
until total 15 units is exhausted.

i e A
144 L3
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The recent popularity of butt-log formclass (i.e., the ratio
d.i.b. at top i{bfufSt 16 foot 109 a5 4 variable in volume tables is
based on the obvious fact that nost volume and value in trees of moder-
ate size is contained in the butt log. However, this butt-log form-
class is usually either estimated or assumed, as is shape of the first

| og and taper above the first log. If d.o.b. of the butt log is

measured in several places, and if gi%igi-ratios for a species group do
not vary excessively, the height-accunulation technique will permt

more accurate description of both the | ower and upper portions of trees
than will the use of formclass volune tables which assume arbitrary
butt-1og shape and upper-log tapers. In addition, the height-accumulation
technique is nuch better adapted to grading portions of the tree and to

busi ness- machi ne conpil ation

If the effort involved in getting objective height-accumul ation
measurements is deemed excessive, the height-accumul ation technique
can be adapted to the sane sort of eye-estimates and assunptions as
are involved in the usual use of butt-log formclass volume tables.
Below is an illustration show ng how hei ght-accumul ation infornation
about tree butts inplicitly includes eye-estimated butt-1og formclass
information, plus additional shape and taper infornmation. For con-
venience, a taper-step of 2 inches, a unith=ight of 4 feet, and a

g.gt% ratio of .90 have been enployed; a different éié'g  relation-

shi p Quuld, of course, lead to different formclass val ues.
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' "fnplied butt-log formclass

AR

Lengt hs Taper from d.b.h.

. i 1
sections per 2000 2R e e e i
inches of _taper) n _Hm“f“m“%ﬂﬁ;é;ﬁ‘-LNQJP-E;wlwgzbahum,LnQ;E;D;hm
I « = Imches = aTTTITTITS LTUTN Percent < 2w
1:7 .9 82 86 87 88
1:6 1.0 (1) 81 86 87 88
1:5 1.2 79 85 86 87
1:h 1.5 . 76 83 86 87
1:3 2.0 (2) 76% 81 84 gg
1:2:5 2.4 ? 79 83 2
1:2:4 2.5 68 79 83 8k
1:2:3 or 1:1:6 2.7 66 78 82 8l
1:1:5 2.8 65 77 82 8l
1:2:2 or 1:1:4 3.0 3) gg 76 gé 23
1:1:3 3.3 75 2
1:2:1  or 1:1:2 22 (4) 54 % T8 ggv
1:1:1:5 . 50 T
1:1:1:h4 4.5 50 70 76 80
1:1:1:3 4.7 69 76 80
1:1:1:2 5.0 (5) 68 75 79
1:1:1:1 6.0 (6) 63 T2 76
1:0:1:1:2 , 7.0 (1) 58 69 h
1:0:1:1:1 j 8.0 (8) Sk 66 72
1:0:0:1:1:2 | 9.0 (9) 50 63 70
1:0:0:1:1:1 | 100 (’LO? 60 68

| F——

|
|
i

Any forester who prides himself on being able to estinmate butt-
log formclass can readily adapt his talent to the height-accunul ation
t echni ques; he can al so check his eye-estimates readily with one of the
dendroneters  discussed earlier. Pole calipers or tapes of various Kkinds
(8)(P) are already in existence, and are well adapted to checking tapers
on the nost inmportant portion of a tree--its butt log. Probably the
nost conveni ent hand- hel d ‘dendrometer for use on upper as well as |ower
portions of the tree would be a slope-rotated wedge-prism (3) on which
hei ght or slope can be read. A horizontal target of adjustable wdth
attached to d.b.h. will allow the observer to position hinself or adjust
his instrunent so that the split-image of the target just fails to over-
lap. He can then slowly raise his line of sight up the tree trunk, and
the height where split-inage of the trunk just fails to overlap will be
where d.o.b. equals the desired width for which the target has been
adj ust ed.

It will be found convenient to have the hypsometer scal e graduated
to read height in number of four-foot sections with a 40-foot base-line
assumed, and to have the rotating wedge-prism manufactured or adjusted
to effect a maxi mum deviation of 143.25 nminutes (equivalent to about
4,167 prismdiopters or enough to exactly juxtapose the direct and the
split image of a 20-inch horizontal target at a distance of 40 feet).

- 15 .



In using such an instrument with a tree 20 inches in d.b.h. on
flat terrain, the observer would successively occupy points 40, 36,32,
28,24, 20 feet, etc., distance from tree center and would ascertain
at each point the height at whick the split image of the upper bole
pul | ed apart, or separated. In each case, this figure will be height
read fromthe hypsometer scale nultiplied by an appropriate factor
such as 1.0, .9, .8,.7, -6,.5,etc. (conputed as

actual distance to d.b.h.
base for which hypsometer was graduated/’

The reader can easily infer for himself nodifications of this
techni que necessary where trees are more or less than 20 inches in
d.b.h., Where theterrain slopes, or where trees |ean.

Techni cians studying the effect of erroneous assunptions gg to
taper or shape may be interested in Appendix D, which helps in visual-
i zing how scal ed vol une estimtes enploying erroneous |og-rule assump-
tions may be inproved by shortening the interval between measured
di ameters.
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Given:

Taper-step = 2 inches
Unit-height = 4 feet

APPENDIX A

Height-accumlation coefficlents converting AEH' +BEH + CEL to surface or volume

under various agsumptions as to taper-step, unit-height, and mean ratio i.9./d. 0.0,

Given: Given:

Mean Surface coefficlents
ratio: for square feet
d.i.b.
do.b. A B ¢
1.00 0 2.09 |1.087
95 o 1.9 995
.90 0 1.88 .9h2
.85 [¢] 1.78 800
Mean Volume coefficients
ratio: for cubic feet
d.4.b.
.0.b. A B ¢
1.00 175 0 L0291
.95 .158 o L0263
.90 BUSE [¢] .0236
.85 .126 [} L0210
Mean Volume coefficients
ratio: for board feet
{International 1/4")
d.i.b.
d.o.b. A B ¢
1.00 1.59 -1.48 ~.308
.95 1.4k -1.b1 -.296
.90 1.29 -1.34 -.284
.85 1.15 -1.26 -.270
Mean Volume coefficients
ratio: for board feet
{scrivner)
d.0.5. " B C
1.00 1.58 -1.78 -1.08
.95 1.43 -1,8 -1.06
.90 1.28 -1.61 -1.04
.85 1.1k -1.52 -1.02
Mean Volure coeflicients
ratio: for voard fect
N (Doyle)
d.4.b.
d4.0.b. A B ¢
1.00 2.00 «5.00 4.00
95 1.80 | -b.75 b.09
.90 1.2 <4.50 4,19
.85 1.h4 -4.25 4,28

Taper-step = S centimetars
Unit-height = 1 meter

Taper-step ¢ 1 inch
Unit-height = L foot

Mean Surface coefficients Mean Surface coefficients
ratio: for syuare meters ratio: for square feet
d.i.b. d.i.b.
d.o.b. A B ¢ d.0.b. A B ¢
1.00 ] 157 .0785 1.00 0 262 131
.95 0 .1kg .07h6 .95 0 .29 .12k
.90 0 B .0707 .90 o 236 .118
.85 o 13 0668 .85 o 223 111
Maan Volume coefficients n Volume coefficlents
ratio: for cubic meters ratio: for cubic feet
d.1.. a.1.b.
d.o.b. A B e d.o.b. A B ¢
1.00 -00393 0 000654 1.00 01091 0 .00182
.95 .0035h 0 000591 .95 . 0 L0016k
.90 003218 0 .000530 .90 . s 0 00147
.85 00284 0 000473 .85 .00788 0 00131
Mean Volume coefficients
X ratio for board feet
Metric equivalents: (International 1/4")
. a.3.0 y 5 T
L centimeter =  .393700 inches 0.0
1 meter = 3.20083 feet
1 aq. meter : 10.7639 sy, feet 1.00 L0995 -.185 ~.0339
1 cu. meter = 35.3145 cu, feet .95 .0898 -.176 -.0309
.90 .0806 | -.167 -.0278
.85 .0T19 -.158 -.02k6
Mean Volume coefficients
ratio for voard feet
{Seribrer)
d,'oi,'b,‘ A 3 T
0988
1.00 .0892 .22 -.207
.95 -.21 -.203
.90
85 071 | .190 | -.195
N, B. Explanation of terms ("taper-step,” "unit-height," Mean Volume coefficlents
440" . ratio for  board feet.
"mean ratio S )and symbols (E#', LA L 1)ts Doyl €)
+0.b. d.i.b
given on page 4. i A B ¢
Gher information on use of tables can be found on 1.00 125 | -.bes 125
.95 13 | .59 126
pages 6 and g, 90 101 -.502 128
.85 .0 | ..511 .129




APPEIDIX B

Giant-tree tsble: Diameter inside bark (taper: 1/8 inch per foot) with cumlative length, surface, and volume

(11);\:7:{:5 ength [ Surface [cubic volume |Tnt.1/A" voly f;f,;f; Lengm, Surface ‘Cuhic volmlxnt.llk" volw
Teel ~Square Teef [ Qubrc  Teel Board_Teet Feed Square feet Qubic feet — Board feet
0 koo 2 613;0 1 glg.x 10 "
1/8 399 2 Q8.0 1 818.1 1 Ny
258 398 2 618.0 1 818.1 2/8( =8  so8.0m7 1 803.0 141468k
3/8 97 2 7.9 1 818.1 3/8 11 317 1 Bae.Y
L/8 P96 2 617.8 1 818.0 b8 S 12383 1 80L.8 Il L1606
5/8 395 2 617.6 1 818.0 /8 3k 2 U499.8 800. 6000 14 670
6/8 2 Q7.4 1 818.0 6/8 2 497.0 14 667
7/8 393 2 é17.2 1 818.0 7/8 8 313 2 ugh.2 1'89?73 1k 663
N 392 2 617.0 1 818.0 1 312 2 491.3 1798. i4 659
391 2 616.7 1 818.0 3
390 2 616.h 1 &18.0 309 B8 L5 m798.0 1%6565.65]
3B 2 616.0 1 818.0 308 2 4825 1 756.6 14 6eu6
388 2 Q5.7 1 818.0 307 k79 Fivos 1 795.9
387 2 €15.3 1 818.0 306 y76k73b 1794.5 141463 697
386 2 614.8 1 818.0
385 2 614.3 1 818.0 305 ~ ik &8
2 384 2 613.8 ] 817.9 12 20k 224004 412 1791 9 b 63
383 2 613.3 1 817.9 303 2 kéh.l .
382 2 612.7 1817.9 32 24609 1 T9T921 16LEEL S
381 2 612.1 1 817.9 301 2 us7.7 1L 607
380 2 611.5 1 817.8 300 2 bsh. 1 790155 1k 6R
I 2 0.8 1 8:17.8 299 1 788.8 1 596
378 2 610.1 1 817.7 298 12611478 1 781.9 1k 591
377 2 609.k 1 817.7 QT 2 444.4 1 787.0 1k 585
k! 376 2 608.6 1 817.7 - 13 6 2 k1.1 1 786.1 1b
375 2 607.8 1817.6 - 5 37. T85. 513
3I7h 2 607.0 1 817.6 14 752 23 2 h3k.2 1 784.2 14
373 2 606.1 1 817.5 W 752 232 2240741 1 783.3 UUHS60
372 2 605.2 1817.6 - 1k 752 1 782.3
37 2 604.3 1 817.4 1k 752 291 1 781.3
370 2 603.3 1 817.3 bk 752 290 2 43,6 1 780.2 ISHBHO
369 2 6.3 1 817.2 14 752 2B 2 6.k 1779.2 533
u 3B 2 601.3 1817.1 14 751 1k 288 2 M2.8 1770.1 1 5%
67 2 600.2 1 817.0 14 751 __, 109.1 519
366 2 599.1 1 816.9 14 751 285 2 bos.k 1 Tre.R 1451)
365 2 598.0 1 816.8 14 751 28, 2243979 me 1) 14 50b
368 2 596.8 1816.7 14.751 %%72 2 94,0 1 T12.6 14 496
363 2 595.6 1816. 6 b 751 o 1k 488
362 2 9b.4 1 816.5 14 7150 281 2 390.2 17T lﬁ ;‘1&]
361 2 593.1 1 816.4 750 1 k72
sl | R
3 2 5 m Hi815.9 [l . 1 .
278 2 3745 1 761.7 1h 4446
357 2 587.8 1 815.8 14 748 2n « 1v766.5
356 2 586.k 1 815.6 14 748 216 It 1 76765.2 11447 48
355 1 815.5 275 2 36.4 1762. 6 14 419
35 2 5884 1815.3 by 21h 2 358.3 1 761.2 14 %10
3 2 581.9 1 815.1 1 746 213 2 1541 1 759.9
6 3¢ 2 580.3 1819 1L s 16 272 2457, 1 . UL
351 2 570.7 TB1L.77 16745 2L 73hl. T51 «
350 2 577.1 18614 3 1 Thl 210 2 1 755.6 14 370
39 2 5755 1 81k 14 743 269 2 337.2 1 754.2 14 360
38 2 573.8 i ex 14 742 268 2339 1752.7 14 350
347 2 572.1 1 813.8 14 741 267 2 328.6 1 ,751.2 14 339
346 2 570.3 1813.6 1:1‘ 740 226 2 324.2 1 723.7 14 328
W5 2 568.5 1 739 265 1 748.2
1 Wk 2 566.9 "8 1k 738 I | 265 219.815 1°746.6 1 1450 5
I 2 5636k 1 812.588 14 737 263 21310.9 ms) 184 151295
3h2 1k 735 2 306.k 283
JHy 2 5611 1812.2 1% 734 261 RN 171.8
339 2 559.1 1 811.9 14 733 259 292 292.7 1 7h0.1 1260 U
338 2 557.1 11.811.3 14 731 258 2 288. 17B8B.H 14 247
2 555.1 14 730 ——em 1h 235
337 2 553.1 1 810.9 14 728 257 2 283.4 1735.0 1h-223
3 336 2 551.0 1 810.6 14 726 8 256 2 270.7 1B 14210
335~ 2 548.9 T 610.2 14 724 255 2 274.0 1% 197
33 2 Suk.6 1 809.9 14 723 254 2 269.2 1 729.6 1 184
133 2 sh2.h 1 809.5 14 T21 253 2 264 .4 1727.8 14 170
332 1 809.1 1 719 252 2259.6 1 726.0 64 157
i3 P 1 808.7 251 2 254.8 1724. 1 14 143
330 1 540.1 W9 1 808.3 L Tk 250 2 249.9 1 722.2 1k 129
729 2 535.5 1 807.9 14 T2 249 2 2.9 1 720.2 1 115
’ P8 2 533.2 1 807k 14 710 9 248 2 240.0 1718.3 14 101
oo 7 530-u T 807.0 14707 T 2 235.0 1716.3 14 0Bb
#5 2 528.4 1 806.5 14 705 246 2 230.0 1714.3 14 o7
ek 1 523.5 1i5.806.1 14 702 245 2 224.9 1 72.3 14 056
69 244 2 219.8 1 o.2 14 041
1b 697 243 2 214.7 1708. 1 14 Q26
22 25210 1805. 1 14 694 242 2 209.6 1706. 0 14 010
21 1S { 14 14 &1 241 2 204.4 1 703.9 13 99b
0 20 2 513.3 3.5 14 688 0 240 2199.1 1 7017 13 918




APPENDIX B (Conti nued)

Giant-tree table: Diameter inside bark Ltgper;’lzﬂ inch per foot) with cumulative length, surface, and volume gcont'dl

(?'nlc'hi's ength | Surface |Qubic volume Int.1/%" volum ?n:hens Length | Surface Cubic volume Int.1/K" volum
Feet Square feet |Cubic feet Board feet Feet Squsre feet Qubic feet Board feet
20 30
1/8 239 2 103.9 1 699.5 13 961 1/8|f 159 1 667.7 1 420.4 11 785
2/8 238 2 188.6 1 697.3 13 945 2/8|| 158 1 es9.0 1 415.5 11 745
3/8 237 2 183.3 1 695.0 13 928 3/8 11 705
L/8 236 2 17T71.9 1 690.b 13 911 4/8|l 158 1 683.8 140504 11 66k
5/8 235 2 172.6 1 688.1 13 894 5/8[ 155 1 635.9 1 k0o.3 11 623
6/8 234 2 167.1 13 8716 6/8]1 1% 1 627.8 1 395.2 11 582
1/8 233 2 161.7 1 685.7 13 Rsg /8] 153 1 619.8 1 390.0 11 sk
21 _ 2% 21562 1 633.4 13 841 3L 192 1617 133153 11 koo
2 150.7 T 6809 17 822 151 T Do3.5 EC 11 456
230 2 1k5.1 1 678.5 13 Bob 150 ] 595.4 e 11 414
229 2 139.6 1 676.0 13 785 149 1 587.2 1 368.8 11 371
228 2 134.0 1 673.5 13 766 18 1 578.9 1 363.5 11 327
227 2 128.3 1 671.0 13 787 147 1 570.7 1 358.0 11 284
226 2122.6 1 668.4 13 728 146 1562.4 1 352.5 11 239
225 3 u.é.? 1 665.8 13 708 145 1 554.0 1 347.0 11 195
22 b 2 111 1 667.2 13 683 32 144 1 pe5.7 1 2.5 11 150
227 3 105.k 1 6R0.5 13 668 23— 1 537.3 17335.9 TT 105
222 2 099.6 1 657.8 13 648 142 1 528.9 1 330.2 11 059
221 2 093.8 1 655.1 13 627 141 1520.4 1 32455 11 013
220 2 087.9 1 652.b 13 606 140 1 511.9 1 318.8 10 967
219 2 082.0 1 649.6 13 585 139 1 w3.4 1 313.0 10 920
218 2 o76.0 1 646.8 13 563 10 873
a7 2 o701 1 b0 13 542 137 14862 136013 10 825
23 216 2 064.1 1 6411 13 520 1133 136 1477.6 285°6. 6 10 z;g
215 2 058.0 1 638.2 13 97 135 T 869.0 283.89.1 10
214 2 051.9 1 635.3 13 475 134 1 460.3 10 680
213 2 045.8 1.66 13 bs2 133 1 451.6 1277.3 10 631
212 2 039.7 1 626.3 13 429 132 1 4hk2.8 1 271.2 10 sé2
211 2 033.5 13 406 131 1 4340 1 265.1 10 532
210 2 027.3 1 623.2 13 382 130 1425.2 1258.9 10
209 129 1 252.7
24 208 71011040 LLEL 60 13 358 h 128 p3gslens 1 2h6.4 Il 380
207  2008.5 PUSEE: 13 310 1.2 1389.698 1 240.1 10 329
206 2 om.2 1 610.6 13 285 126 1233.7 10 277
205 1 607.4 13 260 125 1 380.6 [ 10 224
204 1 9958 1 604.2 13 235 12 1 3716 1 227.3 10 172
203 1 983.0 1 600.9 13 209 123 1362.5 121,38 10 119
200 1976.5 1 597.5 13 184 122 1 353.5 1247 10 065
201 1 970.1 1 594.2 13 158 121 1 344.3 1 2011 10 011
25 200 1 963.9 1 8 13 131 5 120 1335.2 1 194.5 9 957
b} L 957, 7 17 105 9 5@
1 1 950.4 1 583.9 13 078 19 1 szs.g 1 18%.8 9 Bu7
197 1 943.7 1 s80.k 13 050 117 1307, 1 174.2 9 792
196 1 937.1 1 573.3 13 022 116 1 295.3 1 167.4 9 736
195 1930. 4 1 569.7 12 995 115 1289.0 1160.5 9 619
)J:gs‘i 19236_7 | s 12 967 11b 1279.6 1 153.5 9 622
. 1 814Q. 566.1 R 113 1270.3 1146.5 9 565/
26 9 1 k3t 1562. 4 12 i 6 ii2  1260.8 113%9.5 5 38
91T 1 903.3 T 5507 127881 o1 1250 1T132.% 9 450
188 12 852 10 1 2419 1125.2 9 391
187 116895 0%6.4 543,550 12 822 109 1232. 4 1 118,0 9 332
186 1 88216057 B39 12 792 108 1222.9 1 103.5 9 273
107 1213.3 1 2 9 3
1 868.7 — 9 153
185 ] 861.7 1 535.7 12 700 105 120k 1 083.8 9 092
27 183 1 gzh,é 1 12 37 104 1 1844 1.081.3 9 031
1821 BT.5 Y & 638 1073 I 3.8 4970
1 8ko0.k 523.7 12 606 e 1 165.0 1066. 3 8 908
181 1 833.3 1 519.7 12 57h 101 1155.2 1 058.7 8 8us
180 1 826.1 1 515.6 12 541 100 1 1k5.h 1 051.1 8 782
179 1889 1 511.4 12 509 9 8 119
18 18116 1 507.2 12 476 98 125.7 8 655
17 1 3 1 503.0 12 Lk 97 1 aa3.0 1 028.6 8 s
28 176 . 1498.a 12 kog 38 96 1 105.9 1 020.0 8 526
T TT®T LS 375 95
174 3 7182.3 1 450.1 12 340 1 0959 I ook, g 96
173 179 1 485.8 12 306 93 145.9 330
12 1767k 1 481.4 12271 61 1 065.0 996.1 8 263
171 1 760.0 1 476.9 12 235 90 1055. 7 9713.9 8 197
170 1 7524 1 472.4 12 200
1% 1 744.9 1 467.9 i 16 8 Oh5.E,, .- 8129
29 168 1 737.3 1 463.3 o 121 9 88 035.025.2 97.6_w3 1 o8 _m
67 1 729.7 1 456.7 [ _ 07 1015.0 938.6 T gk
166 1 722.1 454, 1 12 053 86 o
165 1714 .4 1 449.4 12 016 85 1 QOk.T4 930.2 176786
164 1 706.7 1444.7 11 978 04 o8k .1 a1.7. 7. 715.
163 1 699.0 1439.9 11940 83 973.8 913.1 7 645
16 ) 6912 1 435.1 1 gge 82 963.4 904 .6 7 5Th
11 863 81 952.9 5.9
30 160 1 633.b 1 428.2 11 82k 0 80 942.5 3’67.2 T 430
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The fornulae fromwhich previously given functions were derived
are:
/e
Vol ume (cubic feet) = ( .QO545L L)(d + —2-}‘ + 8

where Sis ?.’21.2.. for parabol oi d, 'i[_‘g for conoid, and O for subneil oid.

Surface (square feet) = (.2618L)(d + g-) for conoid.

The increase in precision attributable to breaking up long |ogs
into several shorter portions each having a single nmeasured di ameter
is well known in log scaling. It restricts log-rule taper and shape

assunptions to shorter |engths and this prevents bias from building up
when multiplied by | ength. The author has derived a function express-

ing the scaled volune of a long conoidal log as a joint function of
log-rule assunptions and scaling interval, together with |og diameter

at small end, log Iength, and actual |og taper,

= 27 -



Let |ong-log parameters be denoted as follows (for a conoidal |0g):
d = dianeter in inches at small end
L = total length in feet
T = actual constant rate of taper, in inches per foot
Let scaling interval be denoted as follows:
K = scaling interval in feet (a constant)
Let log rule assunptions be denoted as foll ows:
(@ = fictitious constant rate of taper assuned-by |0g rule (in
inches per foot: 1/8 for International, O for Scribner
and Doyl e)

M = minimum | ength to which taper assunmed by log rule will apply

(4 ££. in case of International, irrelevant in case of
Scribner and Doyle)

N-=d.1 6136 for Int. 1/k4 (mlling frustum dianeter))
d - 1.255 for Scribner
d- 4 for Doyle
C = .04B8 L for Int. 1/%in. (kerf, length, and scale
factors)
.okoh L for Scribner
.0625 L for Doyle

V = ¢(N2 - 2.60) for Int. 1/%in. (volume of nininum Iength)
C(N2 « 7.01) for Scribner
c(N2) for Doyle

Let certain joint functions be denoted as fol | ows:

P= (L =K(T)
@ = & - m)((D)
R = LT

® -x@
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Then the log-rule board foot volume of a long log with small end
dianeter (d), length (L), actual rate of taper (T), and with dianeters
taken at constant interval (K) wll be:

v (c)((P P @ @ 7 ) O - Wi - @))

[f, instead of the constant interval K above, dianeters had been

measured at a |longer constant interval K, and if the board foot vol ume
obtained by using interval K were subtracted fromthat obtained by using
interval K, the difference in board foot volume would be:

(O (K - K')(T .@)(P+ + P+ @'6+R+ 6N + @(K+K' -M)-)

Primed synmbol s denote quantities containing X', and circled sym
bol s denote quantities containing taper assuned by log rule (zero in
case of Scribner and Doyle).

As an exanple, consider a 20-inch log of 80-feet |ength tapering
at a constant rate of 1 inch per 16feet. Ir actual diameters were
neasured at 16-foot intervals, the basic fornula above woul d conpute
board foot volunme as 1,778 board feet by International I/&inch log rule
and 1,680 board feet by Scribner fornula log rule. If, however, the
scaling interval were l|engthened and actual dianeters wereonly neasured
at 20-foot intervals instead of at 16-foot intervals, the Internationa
| /' k-inch volunme of the sanme | og woul d scale 22 board feet higher than
previously, while the Scribner formula volunme of the same [0g woul d

scale 21 feet lower than previously.

The above cal cul ations can be acconplished or verified by tabul ar

methods, but -the two previous formulae give sone insight into the
nmechani sm t hrough whi ch erroneous. taper assunptions in log rules and

interval between actual scaling dianeters affect |og scale.
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APPENDIX F

Theory of Height Accunulation

The bole of a tree can be considered as the sumof several frusta
of solids of revolution, each generated by a different function having

the generalized form 1° = B X1, where:

B = an appropriate constant.

D =d. o.b. (dianeter outside bark) at one end of frustum

T = taper-step or difference in diameter between small and |arge
ends  of'frustum

H - height above stunp at which D is neasured.

L = difference in height between small and | arge ends of frustum

K = shape divisor (2 if paraboloid, 3if conoid, 4 if neiloid or

subneiloid, which last termis defined .in the footnote to
Appendix Q).

[f d.o.b. of the bole of a tree be measured at two points, and if
t he hei ght above stunp of those two points also be measured, then the
author has shown (10) that the volune of any frustumcut by planes norna
to the tree axis and passing through the two points can be expressed as:

L) o) - E]

The surface of any such conoidal frustumcan be expressed as:

mi) - |V BF

where DT, and L are all measured in the same scale units (i.e., al
in feet, or all in inches, or all in neters, etc.).
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Now it is apparent that if taper-step (T) is kept constant, and if stunp

dianeter is chosen so that it is a multiple of T, and if X:,fD,then X's

will occur in dimnishing arithmetic progression as successive Dtg ascend
the tree.

The entire tree volume above stunp then can be cal cul ated as:

’n'T‘? 2 TL]
T XL + ZXL+-—K-—J

and the entire tree surface can be cal cul ated as:

oo 2 &

Since X occurs in an arithnetic progression dimnishing up the
tree bole till it reaches 1, appropriate conbinations of the sum of
first upward progressive totals (ZL') and the sum of second upward
progressive totals (L") can be substituted for £ XL and Y X°L. The
tree volume can then be calculated as:

WTE[“ L
5 fL+2L:)

and the tree surface as:

e

It is obvious that the radical constituting the last factor
above will be negligible ('1.00001356) where tree taper averaging about
2 inches in 16 feet is involved. It is also obvious that if H = height
of each D above stunp, then £H = ¥1L', and TH = LL". Thus, assumi ng
an average taper of 2 inches per 16 feet (merely to allow eval uation of
the radical), the above expressions can be witten as:

-
Tree VOl UME = .—UETE-[‘Z_H' + —2-'-2-}-1'{—

Tree surface = TIT [{_H + %][1.0000135%)

Height accunul ation theory stemmed fromthe author's derivation of these
formulee i N 1948 (10). As long as a reasonable taper-step (T) is

sel ected, the conoidal assunption (with X = 3) will give rise to negli-
gible error in either formula, as can be seen from Appendices C and D.
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J. F. dark (who devised the International 1/8-inch rule) origi-
nal Iy conceived of his board-foot fule as a function of log Iength, sur-
f&, and cubic volume (5). However, derivation of exact functions in
the case of the International 1/4-inch log rule, the Scribner formula
log rule, and the Doyle log rule required explicit volume and surface
formul ae not published till nmuch later (12). On pages 10 and 11 of the
cited reference (Shortcuts for Cruisers ang Scalers), the author gave
explicit functions |eading to the deduction that board-foot volunme in

the case of 16-foot | 0gs can be expressed as:

Board-foot volume (International |/)+-inch kerf) =
9.1236 (cu.ft.vol.) -~ 70846 (sq.ft. surface) + .okooez (ft. length)

Boar d-foot volume (Scribner log rule) =
9.057 (cu.ft. vol.) =-.852 (sq.ft. surface) - .112 (ft. length)

Board-foot volume (Doyle log rule) =
11.459 (cu.ft. vol .) - 2.387 (sq.ft. surface) + 1.542 (ft. length)

Al though there i_s no change in the International coefficients as |og

l ength changes, there is change in the Scribner and Doyl e coefficients.
For a 12-foot | 0g, the Scribner .852 would becone .756, and .112 woul d
become .158;the Doyl e 2.387 woul d becorme 2.269, and 1.542 woul d become

1.399.

The various board-foot volune coefficients A, B, C given in Appendix A
are based on coupling these formulae for 16-foot |l 0g-lengths with the
basi ¢ height-accumul ation fornulae derived earlier. No tabulations of
A, B, C coefficients have been made in Appendix A for the situation
where 12-foot | 0gs are comonly cut and Scribner or Doyle scale is
used.  However, such coefficients may be easily calculated from

formulae given above.
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