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A Growth and Yield Model for
Thinned Stands of Yellow-Poplar

BrucE R. KNOEBEL
HAROLD E. BURKHART
DoNALD E. BEck

ABSTRACT. Simultaneous growth and yield equations were developed for predicting basal area

growth and cubic-foot volume growth and yield in thinned stands of yellow-poplar. A joint loss

function involving both volume and basal area was used to estimate the coefficients in the system

of equations. The estimates obtained were analytically compatible, invariant for projection length,

and numerically equivalent with alternative applications of the equations. Given estimates of
basal area and cubic-foot volume from these equations, board-foot volumes can also be calculated.

As an adjunct to the stand-level equations, compatible stand tables were derived by solving for

the parameters of the Weibull distribution from attributes predicted with the stand-level equations.

This procedure for estimating the parameters of the diameter distributions of the stands before

thinning gave reasonable estimates of number of trees, basal area, and cubic-foot volume per acre
by diameter class. The thinning algorithm removes a proportion of the basal area from each

diameter class and produces stand and stock tables after thinning from below that are consistent

with those generated before thinning.

ADDITIONAL KEY WORDS. Liriodendron tulipifera, mensuration, thinning, modeling.

INTRODUCTION

IN THE EASTERN UNITED STATES, yellow-poplar (Liriodendron tulipifera L.) is an
important commercial species that is cut primarily for lumber and veneer. Because
tree size and quality greatly influence yields of these products, thinning is an
important silvicultural tool in yellow-poplar management. Most stands of yellow-
poplar can produce a number of lumber- and veneer-size trees without thinning;
however, thinning concentrates growth on the best and largest trees. Reliable
estimates of stand growth and yield are needed to determine optimal thinning
regimes.

Beck and Della-Bianca (1972) published equations for predicting basal area
growth and cubic-foot volume growth and yield in yellow-poplar stands thinned
to various levels of basal area. However, flexible models that supply information
about the diameter distributions—and hence product distributions—are needed
to better evaluate the effects and results of various thinning options.

The objectives of this study were to develop a growth and yield model for
yellow-poplar that can be used to evaluate thinning options. This model should
be efficient to use and provide detailed information about stand structure. To
accomplish these objectives, we

1. Developed a stand-level model for thinned stands of yellow-poplar, and
2. Derived diameter distributions from predicted stand attributes.

The authors are, respectively, former Graduate Research Assistant (now employed by Eastman
Kodak Company, Rochester, New York); Thomas M. Brooks Professor, Department of Forestry,
Vitginia Polytechnic Institute and State University, Blacksburg, Virginia 24061; and Project Leader,
USDA Forest Service, Southeastern Forest Experiment Station, Asheville, North Carolina 28804.
Manuscript received 22 February 1984.



LITERATURE REVIEW
Stand-Level Models

The first yield predictions in the United States were made using normal yield
tables for natural even-aged stands of a given species. Temporary plots in stands
of “normal” stocking were used to construct these tables through graphical tech-
niques. Volume and yield tables of this type for yellow-poplar in the southern
Appalachians were presented by McCarthy (1933).

MacKinney and others (1937) suggested the use of multiple regression to con-
struct variable-density yield equations. Subsequently, MacKinney and Chaiken
(1939) used a multiple regression analysis to construct a yield prediction equation
for loblolly pine stands. Since that time, many investigators have used multiple
regression to construct stand aggregate growth and/or yield expressions (Schu-
macher and Coile 1960; Coile and Schumacher 1964; Goebel and Warner 1969;
Burkhart and others 1972a, 1972b; and others).

Until the early 1960’s, independent equations were developed to predict growth
and yield, often resulting in inconsistent and illogical results. Buckman (1962)
introduced a model for red pine where yield was obtained through mathematical
integration of the growth equation over time, thus taking into account the logical
relationship which should exist between growth and yield equations. Clutter (1963)
discussed this concept of compatibility between growth and yield prediction in
detail and developed a compatible growth and yield model for natural loblolly
pine stands.

Sullivan and Clutter (1972) refined Clutter’s equations to develop a simulta-
neous growth and yield model for loblolly pine that provided not only analytically,
but also numerically consistent growth and yield predictions. This growth and
yield model has been successfully used for loblolly pine (Brender and Clutter 1970,
Sullivan and Williston 1977, Murphy and Sternitzke 1979, Burkhart and Sprinz
1984), shortleaf pine (Murphy and Beltz 1981), slash pine (Bennett 1970), and
yellow-poplar (Beck and Della-Bianca 1972).

Diameter Distribution Models

Stand yields have also been predicted using diameter distribution analysis pro-
cedures. In such cases it is often assumed that the underlying diameter distribution
of the stand can be adequately characterized by a probability density function
(pdf).

Clutter and Bennett (1965) fitted the beta distribution to observed diameter
frequency data from old-field slash pine plantations, and, from this, developed
variable density stand tables. Bennett and Clutter (1968) used these stand tables
to estimate multiple-product yields for slash pine plantations. The parameters of
the beta distribution that approximated the diameter distribution were predicted
from stand variables (age, site index, and density). The number of trees and volume
per acre in each diameter class were then calculated, and per acre yield estimates
were obtained by summing over the diameter classes of interest.

Following these same procedures, McGee and Della-Bianca (1967) successfully
fitted the beta distribution to describe diameter distributions in even-aged natural
stands of yellow-poplar. From this diameter distribution information, Beck and
Della-Bianca (1970) then obtained yield estimates for even-aged stands of un-
thinned yellow-poplar. A similar approach was used for loblolly pine plantations
by Lenhart and Clutter (1971), Lenhart (1972), and Burkhart and Strub (1974).
In each of these cases, the minimum and maximum diameters defining the limits
of the distributions, as well as the pdf parameters, were predicted from functions
of stand characteristics.



The beta distribution is very flexible in shape and can approximate a wide range
of diameter distributions. In addition, the pdf has finite limits which constrain
all diameters to be within upper and lower bounds. A disadvantage of this dis-
tribution, however, is that the pdf must be numerically integrated to obtain prob-
abilities over various ranges of the random variable, i.e., to obtain the proportion
of trees in each diameter class, as the cumulative distribution function (cdf) does
not exist in closed form.

More recently, the Weibull distribution has been widely applied for describing
diameter distributions. The pdfis flexible in shape, the parameters are reasonably
easy to estimate, and the cdf exists in closed form—a major advantage over the
beta pdf. The Weibull pdf exists in either a two or three parameter form, the three
parameter pdf having the advantage of increased flexibility.

First used as a diameter distribution model by Bailey (1972), the Weibull
distribution has been applied to a wide range of situations. For example, it has
been used to describe diameter distributions in loblolly pine plantations (Smalley
and Bailey 1974a, Schreuder and Swank 1974, Feduccia and others 1979, Cao
and others 1982, Amateis and others 1984), slash pine plantations (Dell and others
1979, Bailey and others 1982), shortleaf pine plantations (Smalley and Bailey
1974b), longleaf pine plantations (Lohrey and Bailey 1976), natural stands of
loblolly pine (Burk and Burkhart 1984), and white pine (Schreuder and Swank
1974). Bailey and Dell (1973) concluded no other distribution proposed exhibited
as many desirable features-as the Weibull.

Given an appropriate density function, Strub and Burkhart (1975) presented a
class-interval-free method for obtaining yield estimates over specified diameter
class limits. The general equation form is given by

V= Nfu g(D)AD) dD
1

where
V = expected stand volume per unit area,
N = number of trees per unit area,
D = dbh,
g(D) = individual tree volume equation,
AD) = pdf for D, and
I, u = lower and upper merchantability limits, respectively, for the product

described by g(D).

Using attributes from a whole stand model and the relationship given by the
class-interval-free equation presented by Strub and Burkhart (1975), Hyink (1980)
introduced a method of solving for the parameters of a pdf approximating the
diameter distribution. The approach was to predict stand average attributes of
interest for a specified set of stand conditions, and use these estimates as a basis
to “recover” the parameters of the underlying diameter distribution using the
method of moments technique.

When constructed independently, even from the same data set, stand average
and diameter distribution models, which give different levels of resolution, do
not necessarily produce the same estimates of stand yield for a given set of stand
conditions (Daniels and others 1979). The advantages of the procedure outlined
by Hyink are ability to partition total yield by diameter class, mathematical
compatibility between the whole stand and diameter distribution based yield
models, and consistency among the various stand yield estimates.

Based on this procedure, Frazier (1981) developed a method to approximate



the diameter distributions of unthinned plantations of loblolly pine from whole
stand predictions of stand attributes using the beta and Weibull pdf’s. Using the
same concept, Matney and Sullivan (1982) developed a model for thinned and
unthinned loblolly pine plantations. Cao and others (1982) used the Weibull
function to derive diameter distributions from predicted stand attributes for thinned
loblolly pine plantations. Cao and Burkhart (1984) used a similar approach with
a segmented Weibull cumulative distribution to derive empirical diameter dis-
tributions from predicted stand attributes for thinned loblolly pine plantations.
Hyink and Moser (1983) extended the idea and developed a generalized framework
for projecting forest yield and stand structure using diameter distributions.

MODEL DEVELOPMENT

Several desirable properties were sought when deriving a growth and yield model
for thinned stands of yellow-poplar. In particular, we wanted the equations to
exhibit analytic compatibility between growth and yield, invariance for projection
length, and numeric equivalency between alternative applications of the equations.
In addition to whole stand volume and basal area, we also wanted to derive stand
tables to provide flexibility for evaluating the full range of utilization options.
Consequently, another goal was to derive stand tables that are compatible with
the whole stand values.

The model for thinned stands of yellow-poplar was developed in two stages. In -
the first stage, equations to predict stand-level attributes were obtained. In the
second stage, stand tables were derived from the whole-stand attributes by solving
for parameters in a theoretical diameter distribution model (in this case the Wei-
bull distribution was used) while ensuring compatibility between the whole stand
and diameter distribution estimates of the stand-level attributes.

Plot Data

Data for this study were collected by the U.S. Forest Service, Southeastern Forest
Experiment Station, from 141 circular, Y-acre plots established in the Appalachian
Mountains of North Carolina (93 plots), Virginia (31 plots), and Georgia (17
plots). The plots contained 75 percent or more yellow-poplar in the overstory,
were free from insect and disease damage, and showed no evidence of past cutting
(Beck and Della-Bianca 1972).

Each plot was thinned (using low thinning) at the time of installation to obtain
a range of basal areas for different site-age combinations. Site index at age 50 was
determined for each plot with an equation published by Beck (1962). Volumes
and basal areas were computed when the plots were thinned and again after five
growing seasons. At the time of initial plot establishment, the stands ranged from
17 to 76 years in age, 74 to 138 feet in site index (base age 50 years), and 44 to
209 sq ft per acre in basal area.

Table 1 shows a summary of the plot data before and after the first thinning
(measure 1), before and after the second thinning (measure 2), 5 years after the
second thinning (measure 3), and 10 years after the second thinning (measure 4).
Basal area and cubic-foot volume growth between the four measurement periods
are presented in Table 2.

Stand-Level Component

When fitting the stand-level components, we used the models of Beck and Della-
Bianca (1972) as a starting point because these models exhibit desirable properties
and they were successfully fitted to the first 5-year growth data from the yellow-
poplar plots. Beck and Della-Bianca fitted the following models (adapted from



Sullivan and Clutter 1972) for prediction of basal area and cubic volume at some
projected age when site index, initial age, and basal area are given:

In(Yz) = by + bi(S™1) + by(4;™") + bs3(4)/4,)In(By)

+ by(1 — A\/Ay) + bs(SX1 — A,/A4) 1)
where
Y, = stand volume per unit area at some projected age, A,
S = site index,
B, = present basal area per unit area, and
A, = present age.

When A, = 4, = A and B, = B, = B, equation (1) reduces to the general yield
model

In(Y) = by + b,(S7") + by(A~") + bsIn(B). 2

The yield prediction model (1) was derived by substituting a basal area pro-
jection equation for the basal area term in the general yield model (2). Therefore,
inserting In(Y,), 4,, and In(B,) into equation (2) and setting the resulting expression
equal to the right side of equation (1) and solving the equality for In(B,) gives the
basal area projection model

In(B,) = (4,/A)In(B,) + (ba/b3)(1 — Ai/A;) + (bs/b3)(SN1 — Ai/4). 3

Beck and Della-Bianca (1972) used ordinary least squares to estimate the coef-
ficients in (1) and substituted the ratios b,/b; and bs/b, as parameter estimates in
the basal area projection equation (3) to ensure that exact numerical equivalency
would result when projecting future volume from (1) and when projecting future
basal area from (3) and solving for future volume by substitution of appropriate
values into (2).

In our analyses, equation (1) was fitted by ordinary least squares to each of the
growth periods and standard F-tests were performed to determine if separate
coefficients were needed for each period or if data from some of the periods could
be combined. From these tests, we determined that two sets of coefficients were
needed—one for the growth period after one thinning and a second for the growth
periods following two thinnings. The second thinning apparently altered stand
structure and vigor so that growth relationships were significantly affected.

After determining that separate coefficients were needed for the growth periods
following one thinning and following two thinnings, final estimates of the param-
eters in the volume and basal area projection equations were computed by using
a simultaneous fitting procedure. This procedure, applied previously by Burkhart
and Sprinz (1984) to data from thinned loblolly pine plantations, involves min-
imizing the loss function:

2, -Y)» 2B - By

F= + 4
2y g @
where
Y;and IE', = observed and predicted volume values, respectively,
B, and B, = observed and predicted basal area values, respectively,

estimates of the variance about the regression lines for volume
and basal area, respectively, computed as the mean square error
from ordinary least squares fits of equations (1) and (3).

3%y and 625



TABLE 1. Yellow-poplar plot data summary.
Time of measure®
and stand Number Minimum Mean Maximum
variable® of plots value value value

Measure 1
Age 141 17 46.9 76
Site 74 107.8 138
Ntb 104 231.8 432
Nta 32 105.1 340
Ntr 12 126.7 312
Bab 44 134.8 209
Baa 25 85.4 153
Bar 2 49.5 137
Cvb 1,336 5,772.2 11,171
Cva 1,106 3,857.8 8,102
Cvr 48 1,881.0 6,275
Bvb 493 18,671.9 55,078
Bva 329 14,418.2 41,140
Bvr 0 4,253.6 27,624

Measure 2
Age 141 22 519 81
Site 74 107.8 138
Ntb 32 105.1 340
Nta 28 83.5 256
Nitr 0 21.6 108
Bab 38 97.4 171
Baa 22 86.0 150
Bar 0 114 36
Cvb 1,224 4,588.7 9,398
Cva 722 4,112.6 8,109
Cvr 0 476.1 < 1,438
Bvb 199 18,221.3 48,852
Bva 198 16,963.7 41,813
Bvr 0 1,257.5 7,039

Measure 3
Age 140 27 57.1 86 -
Site 74 107.7 138
Ntb 28 81.6 256
Nta 28 81.6 256
Ntr 0 0 0
Bab 31 97.6 164
Baa 31 97.6 164
Bar 0 0 0
Cvb 1,222 4,889.9 9,030
Cva 1,222 4,889.9 9,030
Cvr 0 0 0
Bvb 2,018 21,4559 46,742
Bva 2,018 21,455.9 46,742
Bvr 0 0 0

Measure 4
Age 138 33 62.4 91
Site 74 107.6 138
Ntb 28 80.7 248
Nta 28 80.7 248
Ntr 0 0 0



TABLE 1. Continued.

Time of measure*

and stand Number Minimum Mean Maximum

variable® of plots value value value
Bab 40 110.0 178
Baa 40 110.0 178
Bar 0 0 0
Cvb 1,565 5,621.3 10,070
Cva 1,565 5,621.3 10,070
Cvr 0 0 0
Bvb 3,482 25,771.3 51,275
Bva 3,482 25,771.3 51,275
Bvr 0 0 0

a Plot data before and after first thinning (measure 1), before and after second thinning (measure 2),
5 years after second thinning (measure 3), and 10 years after second thinning (measure 4).

b Age = age of stand (years).
Site = site index (feet, base age 50 years).
Ntb = number of trees/ac prior to thinning.
Nta = number of trees/ac after thinning.
Ntr = number of trees/ac removed in thinning.

Bab = basal area (sq ft/ac) prior to thinning.

Baa = basal area (sq ft/ac) after thinning.

Bar = basal area (sq ft/ac) removed in thinning.
Cvb = cubic-foot volume/ac prior to thinning.
Cva = cubic-foot volume/ac after thinning. -

Cvr = cubic-foot volume/ac removed in thinning.
Bvb = board-foot volume/ac prior to thinning.
Bva = board-foot volume/ac after thinning.

Bvr = board-foot volume/ac removed in thinning.

Beginning with coefficients estimates from the ordinary least squares fit of (1),
the coeflicients of models (1) and (3) were adjusted through an iterative process
until F in the loss function was minimized. This process of simultaneously fitting
the two models (with the imposed restriction that the coefficients in the basal area
equation are equal to the appropriate ratios of the volume equation coefficients)
results in a system of equations that are compatible and numerically consistent.
Different weights could be assigned to the two components, but we felt that for
management decisions 1nvolv1ng thinning equal weight should be given to both
volume and basal area projection. The simultaneous estimation procedure is more
statistically efficient (in that the basal area growth information is used in the
fitting) and produces more stable estimates of the basal area equatlon coeflicients
for varying units of measure and merchantability standards in (1) than does the
derivation of coefficients in (3) from the least squares fit of (1) (Burkhart and
Sprinz 1984). The basal area and cubic-foot volume equations from the simul-
taneous fitting procedure and their related fit statistics are presented in Tables 3
and 4. In the evaluation process, current volume yield values (i.e., observations
for which 4, = A, = A) were used in addition to the growth data, thus doubling
the number of yield observations. Due to the model structure, current basal area
values could not be used.

Beck and Della-Bianca (1975) predlcted the ratio of board-foot volume to basal
area using dominant stand height and residual quadratic mean stand-diameter.
In this study, we developed the following equation from the plot data to relate
board-foot volume to stand basal area and cubic-foot volume.



TABLE 2. Summary of basal area and cubic-foot volume growth during the
5-year periods between the four plot measurements.

Growth Minimum Mean Maximum Mean annual
period Variable* value value value growth
5 years Bl 25 85.4 153
after first B2 38 97.4 171
thinning Bg 5 12.0 33 24
Vi 1,106 3,857.8 8,102
V2 1,224 4,588.7 9,398
Vg 318 794.7 1,920 158.9
5 years B1 ) 22 86.0 150
after second B2 31 97.6 164
thinning Bg 4 12.5 32 2.5
Vi 722 4,112.6 8,109
\'p 1,222 4,889.9 9,030
Vg 260 790.7 2,190 158.1
10 years . Bl 31 97.6 . 164
after second B2 40 110.0 178
thinning Bg -1 12.9 26 2.6
Vi 1,222 4,889.9 . 9,030
\'p 1,565 5,621.3 10,070
Vg -61 856.8 1,740 171.4

2 B] = basal area (sq ft/ac) at beginning of growth period.
B2 = basal area (sq ft/ac) at end of growth period.
Bg = B2 — Bl, i.e., 5 years growth.
V1= cubic-foot volume/ac at beginning of growth period.
V2= cubic-foot volume/ac at end of growth period.
Vg= V2 — V1, ie., 5 years growth.

TABLE 3. Simultaneous growth and yield equations® for prediction of total cu-
bic-foot volume and basal area per acre.

In(Y;) = by + b(S™) + by(4;™") + by(A/A)In(B,) + by(1 — A/A)
+ By(SK1 — 4,/4;)
In(B;) = (4/A)In(B)) + (bu/b:)(1 — A/Ay) + (bs/b)SN1 — Ai/AY)

For stands thinned once For stands thinned twice
b, = 5.35740 b, = 5.33115
b, = —102.45728 b, = —97.95286
b, = =21.95901 b, = —25.19324
b, = 0.97473 b, = 0.98858
b, =4.11893 b, = 5.84476
bs = 0.01293 by = 0.00018

* Where
Y, = predicted total cubic-foot volume per acre at projected age, A,.
A, = initial age.
S =site index, base age 50 years (feet)
B, = initial basal area per acre (sq ft).
= predicted basal area per acre (sq ft) at 4,.
In = natural (Naperian) logarithm.




TABLE 4. Fit statistics for evaluating cubic-foot volume and basal area predic-
tion from the simultaneous growth and yield equations.

Number Mean Standard
of Minimum Mean absolute Maximum deviation
obser- residual  residual residual residual  of residual

Equation vations value® value value value values R
Cubic-foot volume 840 —808.91 6.68 156.46 1,250.39 219.74 0.9865
Basal area 419 —13.66 .78 2.90 16.62 3.69 .9860

* A residual value is the difference between the observed and predicted value of the dependent
variable: r,= Y, — Y,
® The R? value was computed as follows:

2
Ri=]— —
> (¥, — ¥y
i=-1
where :
Y, =M™ observed value of the dependent variable.
Y, = i predicted value of the dependent variable.
¥ = mean value of the dependent variable.
r, = i* residual value as defined above in footnote a.
n = number of observations.
BFV = 1363.09165 — 306.96647(B) + 10.26187(CFV)
R?2=0.9730 s = 1785.1 (5)
where
BFV = board-foot volume per acre, International Y%-inch rule, for all trees in
the 11-inch dbh class and above to an 8-inch top diameter (ob) (1-
foot stump).
B = basal area per acre (sq ft) of all stems.
CFV = total cubic-foot volume per acre.
R? = coefficient of determination.
§ = root mean square error.

Given equations for estimating the total stand cubic volume and basal area,
the board-foot volume of a selected portion of the stand according to an 8-inch
top diameter outside bark can be estimated. This approach does not allow suf-
ficient flexibility, however, to account for rapidly changing utilization standards.
Thus an extremely valuable adjunct to the overall stand values is a stand table.
When computing a stand table it is important that it be logically and consistently
related to the overall stand characteristics.

Stand Table Generation
PARAMETER RECOVERY PROCEDURE

The parameter recovery procedure introduced by Hyink (1980) and further dis-
cussed and developed by Frazier (1981), Matney and Sullivan (1982), Cao and
others (1982), Hyink and Moser (1983), and Cao and Burkhart (1984) was used
to obtain estimates of the parameters of the Weibull pdf, which was used to
describe the diameter distributions of yellow-poplar stands before and after thin-
ning. The recovery method was selected because it provides compatible whole
stand and diameter distribution estimates of specified stand attributes.



The Weibull pdf exists in either a two or three parameter form. These two

forms are defined as follows. Three parameter Weibull density

E)Z_ac_l -\ byc>0
fAz;a, b, 00=<\bJ\ b exp B a,b,c

0, otherwise. z>a

Two parameter Weibull density

e\ x c—1 .
flx; b, ) = (5) (Z) ew[—(;ﬂ »bc>0

0, otherwise

where N

the location parameter,

the scale parameter,

the shape parameter,

the random variable (diameter), and
Z - a.

With the general diameter distribution yield function,

Na o8

Y,=N f g(x)f(x; 0) dx (6)
1
where
Y, = total per unit area value of the stand attribute defined by g(x)
g(x) = stand attribute as a function of x ,
f(x; ) = pdf for x
N = number of trees per unit area
| u = lower and upper diameter limits, respectively, for the product de-

scribed by gi(x),

integration over the range of diameters, X, for any g(x), gives the total per unit
area value of the stand attribute defined by g;(x). Average diameter, basal area
per acre, and total cubic volume per acre are examples of such stand attributes.
The number of stand attribute equations must equal the number of parameters
to be estimated in order to solve the system of equations for recovery of the pdf

parameters.
Letting g,(x) equal X/, one obtains the i noncentral moment of X as

EWX) = fm Xfix; 8) dx

and the parameter recovery system is simply the method of moments technique

of pdf parameter estimation (Mendenhall and Scheaffer 1973).

In the case of forest diameter distributions, the first noncentral moment, E(X),

is estimated by

10



TABLE 5. Equations for prediction of the first and second noncentral moments
of the diameter distribution.?

In(B,) = (A/A)In(B,) + (b/b)X1 — A,/Ay) + (bs/bXSY1 — A,/4,) (from Table 4)
In@ — @) = b, + b,In(B) + byIn(H,) + by(4-N)/1,000

For before first thinning For after first thinning
b, = —13.40824 R?=0.8133 b, = —5.20164 R?=0.3726
b, =0.45213 s2 =0.09357 b, = 0.80773 52 =0.2225
b, = 3.05978 b, =0.72383
by = —0.20664 by, = —0.33560

d = {B/(0.005454N) — exp[In(@ — @]}
In(Dmin) = 1.19439 + 0.05637[B/(0.005454N)]2 + 3.04022/(N'?) — 394.07219/(4-H)
=0.8251 s*>=10.02045

(For all measures except before first thinning where Dmin is set equal to 5.0 inches.)

s Where
A, = stand age at beginning of projection period.
A, = stand age at end of projection period.
A = stand age. )
B, = basal area/acre (sq ft) at beginning of projection period.
B, = basal area/acre (sq ft) at end of projection period.
B = basal area/acre (sq ft)
S = site index, base age 50 years.
& = average squared tree dbh of stand (inches?).
d = average tree dbh of stand (inches).
H, = average height of dominant and codominant trees of stand (feet).
N = number of trees/acre.
Dmin = minimum dbh of stand (inches).
R? = coeflicient of determination.
52 = mean squared error.
In = natural (Naperian) logarithm.

D x/N=3%,

the arithmetic mean diameter of the stand, and the second noncentral moment,
E(X?), is the estimated by

D} x#/N = X7 = basal area/acre/0.005454N,

(the quadratic mean diameter of the stand) where N is the number of trees per
acre. Hence, the first two moments of the diameter distribution have stand-level
interpretations that are common in forestry practice.

Stand average estimates of the first K moments produce a system of k equations
with k£ unknown parameters which can be solved to obtain estimates of the pdf
parameters while ensuring compatibility between whole stand and diameter dis-
tribution estimates of the stand attributes described by the moment equations.

STAND ATTRIBUTE PREDICTION

Regression equations used to obtain estimates of the first two noncentral moments,
and subsequently solve for the parameters of the Weibull distribution, are given
in Table 5.

The moment-based system of equations for the three parameter Weibull dis-
tribution led to convergence problems and the three parameter Weibull pdf was
reduced to the two parameter form using the transformation X' = Z — a. That is,
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the location parameter a was set equal to a constant or predicted outside the
system of equations, depending on stand characteristics.

Because independent estimates of average diameter, d, and average squared
diameter, 42, often produced illogical crossovers and hence negative variances
(i.e., & — d* < 0), a procedure discussed by Frazier (1981) was used, i.e., the
logarithm of the variance of the diameters, In(@Z — @2), was predicted. Given a val-
ue of a2 obtained from the estimate of basal area and the estimate of In(d? — 42),
d was determined algebraically.

As only those trees =4.5 inches in dbh were tallied, and due to the extremely
small variability in minimum stand diameters for the plot data prior to the first
thinning, the minimum diameter, Dmin, was set equal to 5.0 inches in stands
prior to the first thinning.

Bailey and Dell (1973) state that a can be considered the smallest possible
diameter in the stand. An approximation to this smallest possible diameter is
given by Dmin, the minimum observed diameter on the sample plots. This value
is positively biased since Dmin is always greater than or equal to the true smallest
diameter in the stand. Thus the value of a should most likely be 0 < ¢ < Dmin.
Five values for Dmin were selected and sensitivity analyses conducted. Using
values of 0, ¥5(Dmin), Y2(Dmin), %3(Dmin), and Dmin for q, and the recovered
estimates of b and ¢, observed and predicted diameter distributions were com-
pared. As was previously found by Frazier (1981) for thinned loblolly pine stands,
preliminary tests with the yellow-poplar data indicated that the a parameter of
the Weibull distribution could be estimated reasonably well from the minimum
stand diameter, Dmin, as

a = 0.5(Dmin).
The two equations for the two parameter system are

X = fw xf(x; b, ¢) dx = bI'(1 + 1/¢) )
1]

X2 = f X} (x; b, ¢) dx = bT(1 + 2/¢). 8)
0
The estimated variance of the distribution is given by
2= —x*=bII(1 + 2/¢) — TX(1 + 1/0)] )
and the coefficient of variation (CV) is estimated by
S _ [T + 2/¢) — (1 + 1/0))*

V=3 T + 170

(10)

Given estimates of ¥ and X2, the coefficient of variation is a function of c alone,
thus reducing the order of the system. Under this formulation, there exists a
unique solution for ¢, and simple iterative techniques for solving one equation in
one unknown can be used to obtain a value for ¢. With ¢ known, b is solved from
X = bI'(1 + 1/¢), and a is estimated with a constant or equation external to the
system. In a sense, this is a “hybrid” system in that it combines the parameter-
prediction and parameter-recovery systems.

When applying the system, the same stand-level basal area equation is used
when deriving diameter distributions and when estimating overall stand basal
area in order to ensure compatibility between the two levels of stand detail.

The computer program written by Frazier (1981) to approximate the diameter

12
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distributions of unthinned plantations of loblolly pine was used as a framework
in the development of the yellow-poplar growth and yield program. Equations to
predict stand attributes required by the solution routine, such as mean height of
the dominant and codominant trees, number of trees per acre, and individual tree
volume, are presented in Table 6.

The total height equation is a slight modification of the one presented by Beck |
and Della-Bianca (1970) with number of trees per acre replaced by basal area per
acre. The tree volume equation is of the same form presented by Beck (1963) and
was fitted using weighted least squares procedures.

THINNING ALGORITHM

Using the equations presented in Table 6, diameter distributions before and after
the first thinning were predicted for 10 randomly selected sample plots to observe
the “goodness-of-fit” of the system and also to check for logical consistencies
which should exist between stand tables for thinned and unthinned conditions.

Although the predicted distributions closely approximated the observed dis-
tributions, some discrepancies were present among the stand tables of the thinned
and unthinned plots. Predicted numbers of trees increased in some diameter
classes after thinning, and, in some instances, the thinned stand table had a larger
maximum stand diameter and/or a smaller minimum stand diameter than those
in the corresponding unthinned stand table. It was apparent that the diameter
distribution predictions before and after a thinning from below could not be carried
out indepependently, but had to be conditioned such that the previously stated
inconsistencies could not occur.

As an alternative to two independent predictions, the diameter distribution
prior to thinning was predicted, as before, then a proportion of the basal area in
each diameter class was removed to simulate the thinning. With this procedure
it is impossible for the number of trees in a given class to increase as trees can
only be removed from a class. Consequently, minimum diameter can only increase
and maximum diameter can only decrease, if they change at all.

A function was defined specifying the amount of basal area to be removed from
each diameter class. The following equation form relating the proportion of basal
area removed in a diameter class to the ratio of the midpoint diameter of the
class to the average squared diameter of the stand was used to “thin” the predicted
stand table.

P, = explb,(d?/d)] aan
where
P, = proportion of basal area removed from diameter class i,
d, = midpoint diameter of class i,
& = average squared diameter of stand, and
b,, b, = coefficients estimated from the data.

As the plot data were taken from stands thinned from below, the removal
function “thins” more heavily in the smaller diameter classes than in the larger
diameter classes. Equation (11), when fitted, represents the average removal pat-
tern in the data used to estimate the parameters, Separate removal equations were
fitted for stands after the first and second thinnings due to the obvious differences
in the size-class distributions. Coefficient estimates and fit statistics for the two
equations are given in Table 7.

Once the basal area removal functions were defined, the thinning algorithm
was as follows:

.14



TABLE 7. Coefficient estimates and fit statistics for the basal area removal func-
tion.?

P, = explb(d?/d)]

For first thinning For second thinning
b, = —-0.70407 b, = —2.61226
b, = 1.87666 b, = 2.00627
R>=0.5614 R?=0.4060
MSE = 0.0843 MSE = 0.0672
= Where
P, = proportion of basal area removed from diameter class i.
d; = midpoint diameter of class .
& = average squared diameter of class i.
MSE = mean square error.
R? n
2 (P [ P, i)z
=1
2 (P~ Py
R i=1 .
P, = predicted value of P,
P = mean of the P, values.
n = sample size.

1. Predict the diameter distribution prior to thinning from the Weibull distri-
bution.

2. Starting with the smallest diameter class, remove the proportion of basal
area specified by the removal function.

3. Proceed through the diameter classes until the desired level of basal area to
be removed is attained. '

4. If the required basal area removal is not obtained after the largest diameter
class is reached, return to the smallest diameter class and remove the re-
maining basal area in that class. Proceed in this manner through the diameter
classes until the desired level of basal area removal is attained.

This procedure validated fairly well against the observed data where the thinnings
from below produced stands that were thinned heavily in the lower diameter
classes, and diameter distributions that were frequently left-truncated.

Tree Volume Equations

As yellow-poplar is cut for a variety of products, reliable estimates of volume to
any specified merchantable top diameter and/or height limit are essential. Beck
(1963) published cubic-foot volume tables for yellow-poplar in the southern Ap-
palachians based on diameter at breast height (dbh) and total tree height. Total
height, rather than merchantable height, was used to estimate volume inside and
outside bark to 4- and 8-inch top diameter limits. However, merchantability
standards change rapidly and it is desirable to have a set of volume estimating
equations that are completely general and flexible for obtaining estimates for any
specified portion of tree boles. To provide estimates of cubic-foot volume to any
desired top diameter or height limit while ensuring that the predicted volumes
were logically related, we predicted total stem volume and the ratio of merchant-
able stem volume to total stem volume for any specified top diameter or height
limit according to the methods described by Burkhart (1977) and Cao and Burk-
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hart (1980). Information on the individual tree data analyses, which include taper
functions as well as the volume equations, can be found in Knoebel and others
(1984).

Computer Program

The source code for the yellow-poplar growth and yield model, written in FOR-
TRAN Level-G, is given in Appendix 3. The computer program is summarized
and illustrated in a simplified flow chart diagram presented in Appendix 2. The
steps and procedures outlined in the flow chart are discussed in the following
sections.

InpUT DATA
The input data required by the program are:

@ Age at beginning of projection period.

@ Age at end of projection period (equal to age at beginning of projection period
if no projection desired).

@ Site index in feet (base age 50 ft).

@ Basal area per acre at beginning of projection period (sq ft).

@ Number of trees per acre at beginning of projection period.

® Number of previous thinnings.

Either basal area or number of trees per acre or both must be known. Given
one measure of stand density, the other can be predicted from age, site index,
and the known measure of stand density from equations fitted to the plot data.
For projecting stands, the known number of trees or the number of trees obtained
from a previously generated stand table should be entered. When this information
is not known, the number of trees must be estimated. '

STAND ATTRIBUTE PREDICTION
Given the input data, the following stand attributes are computed.

@ Average height of the dominant and codominant trees in feet.
® Minimum diameter in inches. -

@ Arithmetic mean diameter in inches.

@ Quadratic mean diameter in inches.

If stand-level estimates are desired, they are computed at this point.

@ Number of trees per acre.

@ Basal area per acre (sq ft).

® Total cubic-foot volume per acre.

@® Board-foot volume per acre, International Ys-inch rule for all trees in the 11-
inch dbh class and above to an 8-inch top (ob).

Once the stand-level attributes are generated and displayed, the user has the option
to:

@ Produce the corresponding stand/stock table,
@ Make another projection, or
@ Terminate the growth and yield program.

To obtain the correspondihg stand/stock table, estimates of the Weibull distri-
bution parameters must first be computed.
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ESTIMATION OF WEIBULL PARAMETERS

Given the input data and the predicted stand attributes, a computer solution
routine developed by Burk and Burkhart (1984) is used to obtain estimates of the
Weibull parameters. The routine solves a moment-based three parameter Weibull
system of equations where the a parameter is predicted independent of the system.

STAND TABLE DERIVATION

Given the parameter estimates, number of trees by diameter class are obtained
by multiplying the total number of trees per acre by the proportion of the total
number of trees in a given class as determined by the three parameter Weibull
cdf. Basal area and cubic-foot volume by diameter class are obtained by numer-
ically integrating the general diameter distribution yield function (6) with g,(x)
equal to 0.005454(dbh?) for basal area and g;(x) equal to a total cubic-foot volume
equation, which is a function of dbh alone, for cubic-foot volume. The numerical
integration is carried out using a solution routine developed by Hafley and others
(1982). Board-foot volumes in those diameter classes =11 inches are obtained
according to the procedures described by Beck (1964). First, merchantable cubic-
foot volume to an 8-inch top diameter (ob) is computed using the volume equa-
tions developed by Knoebel and others (1984). Then, using an equation presented
by Beck, a board-foot/cubic-foot ratio, and, subsequently, a board-foot volume
is calculated for a tree of a specified dbh. Given the number of trees by diameter
class and this calculated board-foot volume per tree, an International Y-inch
board-foot volume for trees =11 inches dbh to an 8-inch top (ob) is computed
b