007-26-99 T7E 10123 AM

Jensen’s inequality predicts effects
of environmental variation

Jonathan J. Ruel
Matthew P. Ayres

Many biologists new recognize that environmentai variance can exert important
effects on patterns and processes in nature that are independent of average
conditiors. Jensen's inequality is a mathematizal proof that is seldom mentioned
in the ecoiagical literature but which grovides a pawerlu! tool for predicting
some direct effects of environmental variancs In biolegical systems.
Qualitative predictions can be derived from the form of the televant tespansa
functions {a¢celerating versus deceferating). Knowledge of the frequency
distribution (especially the variance) of the driving variahtes allows guantitative
estimates of the effects. fensen’s inequality has relevance i every fleld
of biology that includes nonlinear processes.
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H istorically, ecologists have empha-
sized the importance of average envi-
ronmentai conditions. The concept o 2n-
Arormentdr variance is aimost completely
atsent from the 42 ioundation papers
{published from 1887-1571 identified by
Razf and Brown'. Through the 19€0s, the
word 'variance' appeared in the abstract
of only about ten papers per thousand
oublished by the Ecniogical Society of
america (Fig, 1). However, the number of
such papers has Increased since then to
about 50 per thousand during the 1990s.
This suggests agrowing recognition among
ecologlists that an explicit consideration
of varianc? ;s essential to explain many of
the important patterns and processes i
nature, Jensen’s inequality provides a fun-
damenta! tool for understanding and pre
dicting consaquences of variance, butitis
only st beginning to De explicitly acknowl:
edged in the primary literatura®s, and we
can find no mention uf Jensen’s inequal-
ity in any biology or biometry textbook.
Jensen’s inequality is a mathematical
property of nonlinear functions, Cred-
ited to the mathematician J.L~fpnsen
{1859-1525). itwas firstdescribed the
ecd of the 19th century®?. The inequality
states tha: lor a nonlingar function, (),
and g set of x values with a mean oi %
{and a variance greater than zero;, the
average result of f(x), S, does not
equal the result of the average 1, f(%).
When f(x) isaccelerating (20ddertvative Is
positive),/1x) is great% tdhaé\ J(¥). When
J) is decelerating (¢ derivative is
n%é?atwe)ﬂ;) 15 less fhanf {X). The sign of
the difference between /{x) and /(%)
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depends naty on the [orm of the function

(aczalerating versus deceleratipg’,

" Jensen's inequality has relevance to

any area of biology that includes nenlin-
ear functions [Box 1) Here, we develop

examples !'rom physiological ecology
{photesynthesis 2y a function ol irradi-

ance and metabsic rate as 3 function of

temperdture} and plant-herbivore inler-

actions, but i; seems that examples couid

ba drawn just as easily {rom bioctiemistry,

PERSPECTIVES

ecosystert science or any biological
discipine in between. At any scale.
Jensen’s inequality implies that enviren-
meatal varignce ¢an have Important and
tredictable Diological conssquences that
canrot be inferred from average erviron-
mental -ongitions. for any nonlinear re-
sponse function, enviroflmental variance
will consistently elevatd or depress the
resnonse depending on the lorm of the
funstizn, Therefore, whenever biologica:
systems involve nonliriear responses. e
descripticn and interpretation of envi.
ronmental data should include an explictt
consideration of the vanance.

Variance ia light regimes depresses
primary production

Although photosyntnetic organisms
are taxanomically diverse, the biochem-
istry of photosycthesls is relatively highly
conserved. Carbon assmmilation as a func-
tion oi irradiance is almost always a de-
relerating saturation tunction (2.¢ Fig. 2a
35. Canny et al, unpublished), Further-
more, the light régime of every habitat 's
inherently variable because cf seasonal
eycles, durnal cycles and shadmg frorm
clouds and other organisms. Jensen’s
inequality predicts thal. because if¢
assimitarion function is deceierating, this
varance at temporal and spatial scales
should depress net primary production
compared with the expectation based
upon average irradiance.

The understory light envirornment
of ¢losed canopy forests |5 particularty
variable with long periads of low-level
giffuse light punctuated by short periods
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! Box 1. Jensen's inequdity

j8nsen’s inegualily GESCIDES Now vardaee dspresses the response vBnaoie N Jeceisralind functons and ¢levites the reésponse vaiabie :n acteisrarng
functions. £ mree nypothetical pregatars, F]gs (a-(ct, energy ga(n@d from 8 prey e is @ lnclion of pray Mmass, brgger peey W.'.Q mOre 935imilabe enegy and a
200 g 012y Hem yields 2500 J of gngrgy. Howaver, the r furctions differ in shape win the _ﬂrst {3) being inear the sbc0Ad (D) being decelerating jcancave cowr.
203 derivalive 15 ABEALVE) BN g Lhvd 10) DEING IECHIRrYting lconcave U, Ing gervalive i§ oasitive;.

(ay Pracdaioc 1 {b! Predator 2

3 —

¢) Predater 3

] ] ] o
7 5000 v
& // _j //
=1 '
£ S ] 7 -
. g ] L ] ] s ‘
‘ o 2850 .I..._. . // _4‘_( e A “_'/"'- i
| g 7 1 - : - :
g . : 1 ] = !
g // ] / ] l
Fl : — ‘ — jﬁ,_,”ﬁﬁ‘ - . ey !
a D¢ 200 300 406 O 100 200 300 400 D 100 200 360 400 |
Pray mass !3) Prey mass (g} Fiey mass (q} !
Onii: 74 77473 1 Ecotogy & Ewoh or l

NoW SOnSIaer tree grouds of prey toat eacn asvarags 200 g 967 Cray Rem, out 4iffer 1n vanance with group A oeing ynilarm, group 5 somewne; varistie and groud
C nignly vanabee {Tablg 1), Secause such group averages 200 g per rey tam, Q08S IS mean thal sacn oredsier would gain 30 svarage of 2300 J rer prey item 1o, |
consuming each prey graup? No. Benausa the gheces of \rair assimiation functiong Giffer, vanaig grouss Nave different consequences for eacn predater (Tatiz 1), !

Table I. Mass (3} of prey items In

Table 11 Average energy gain (J)

three groups (A-C) per prey
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tve), $C INC’2a8INg varianca in e X vananie tangs (o increase the svaraga ragult of ne function (a8 1 tredxor 3). The direction of the effect af variance o~ a
*REOCNSE vanabie Aanenas enilsely on e form facceierating varaus decalerating) of ine respense function.

and report enviremmenta) variables such

of nigh irradiance as the sun passes over
gap: in the canopy (sun flecks). Consider
hobblebush (Viburnum alnioliym), a
dominant undersiory shrub of boreal
forests in northeastern North America. If
the average light levet for the day 1s used
to estimate net daily assimitation, then
assimilation is overestimated by >100%
(Fig. 2, PS. Cany et al., unpublished,. We
refer o this consequence of Jensen's
inequality asaggregation bias: system-
dic erors in the etimate of a biglogical
response [difference between fx) and
f(2)) that arise from averaging values ot
the independent variable over g scale
‘hat Is coarser then that experienced by
the biologica system éin this case, a ledf).
Plant |eaves respond rapidly to changes
in irradiance, s0 the daily carbon budgets
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are estimated most accurateily if irrac
ance is measured and recorded at time
intervals of seconds to minutss, {n the
light envirenment described in Fig. 2
(DS. Canny gt al., unpublished}, there was
enough tempord autoccrrelation of irra-
diance such that aggregating measure-
ments for up to 1015 tunutes producec
less than a 10% eror in estimated daily
cabon budgets, but aggregating  across
60 minuses or more produced >20%
ermor. Aggregation hiss can adso be intro-
duced by averaging across space.

For V. alnifolium, averaging the mess-
urements of three light sensors spaced
ten meter5 apart resultes in overesti-
mation of daly carbon budgets by 14%.
This illugtrates the need for careful desi-
sions about how 1 measyre, Interpret

a irvadiance. Solar input is fraquently re-
ported as a daiiy or monthly average.
However. i! is Impossible to develop
unbissed estimetes of daily photosynthe-
sis from average daily or monthly irradi-
ance without making assumptions about
the frequency distribution of shortterm
irradiance. The scale at which aggregation
bras becomes severe will be a function of
the spatial and temporal  autocorrelation
of the environmental variable, as wall 3s
the strength of nonlinearities in the
response functions.

In addition to these practical consid-
eratlons, Jensen's ipequality has some
Interesting  theoreticd  consequences  for
the phystological ezology of photosynthe
sis. For example, W0 environments with
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the same average daily irradiance fut
different lrequency disiributions of short-
term irradiance, could yield markedly dii-
ferent carbon budgats for pnysiologically
identical plants. Simijarly, the oplimiz-
ation of carbon acquisition strategies (2.g.
by adjustment of the light response func-
tions and changes in jducton state)d
could be as scrongly infiuenced by the
variability in trradiance a5 by rhe average
irradiance. Evaluating carbon acquisition
strategies and the ecological conse
uences of changes in Ji{gm regime requires
a careful separation ¢! effects caused by
leaf physiolagy versus the mathematical
effects of jensen s insquallty,

Variance in tem perature affects
animai metabol{ym

The metabolic rates of peikilotherms
tend to increase exporentally 43 a functior:
of temnperature, The accelerating form of
these functions implies that variance in
temperature wili elevate poikilotherm
metabolic rates Temperature regimes, like
irradiance regimes, are inherently vari-
able but differ In that temperatures tend to
approximate a normai distribution®. in an
environment where the standard dev-
auon :a operative temperatures {j.a, body
temperature,) is 3-8°C, metabolic rates
would be 3-50% greater than [n a cog-
stant thermal regime with the same aver-
age temperature (Fig. 3). The compin-
atlon of a high Q,, (i.2. the factor by which
metabolic rate increases pver 10°C) and
nigh therma) variation mighr be selected
against because ¢f these rather dramatic
increzsed in maintenance energy requires
ments. There axe predictable patterns In
the variasility of environmental tempera-
tures. Arig environrents ang high-aititude
envitgnmenls tend to have very high Giur-
nal variance in ¥ temperaturés, Arboreal
habitats are morevariable than soi habi-
tats, and terrestrial habitats are more
variable than aquatic habitats. We pre
dict that poikilotherms adapted to more
variable environments will be more likely
to emgloy behavioral thermoregulation
(such as microhabitat choice) to minimize
varianee In their operative body temper-
utures and will tend to bave a lower Qg
than related species from lgw-variance
envitorinents. Seasonal changes in befavs
ior and temperature physiology may rep-
resent adaptations to minimize the in-
creases in maintenance metabolism that
are introduced by seasonal variabllity In
environmentai temperature,

The metabolic rate of hcmeotherms
as a function of environmental tempera-
ture has a fundamentally different form
from lhat of poikllotherms, Metabaiic
rates of homaotherms tend 9 increase
both above and below a thermonectral
7002 The slope increases with increasing
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temperature around both ends of the
thermoneutrai zone (slope gces from
negative to zero at the lower eritical tem-
perature and from zero to positive at the
upper critical temperature), so whw
temperature rariatioo spans either the

upper or lower critical temperature
average metabolic rate will be greater
than in a constant thermal regime with
the same average temperature, There
fore, temperature variablity tends to
have the same qualitative effect on
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sasuma 3 normal distrduncn of temperatures,

J

metzholism maintenance in homeather s
as in poikilotherms,

Poikilotherm developmes! rate 1S aiso
a nonlinear function of temperature The
generaiizei temperature response func-
tion is accalerating at low temperatures.
approximately linear at intermediate tem-
peratures and decelerating at high tem-
peratures™. Congequently, the effects of
temperature variation as a result ot
Jensen's nequality will tend to be positive
at low temperatures, minimal a: interme-
diate temperatures and regative at high
temperatures. These effects are a recog-
nized source of zrror in degreeday mod-
els of Ingect development and plant phe
nology, 2nd have been referred to a$ the
Kautmann effectil, We hypathssize that
differences among enviroaments i tem-
perature variabllity will seiect for changes
in the acgaleration rate, inflection point
and decelerarior: rata oi poikilotherm
cevelopmental responses :0 temperature,
These evolutionary responses would have
the effect of altering subsequent pheno-
typic responses to changes @ tempera-
ture variability, If so, the same change in
temperature variance could have different
ecological effects on, [or example, aquatic
insects versus terrestrial insects.

Herhivores encounter variable hosts

Intraspecific varfance in host tissue
quality is comment16. The causes of vari-
ance if foliage quality include miceoste
and genetic differences between plants,
piant ontogeny, leel ontogeny, Inducible
responses and somatic mutation3i4.4i-8,
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'nsect responses to this variance include
selective feedin%, modified consumption
rates ang the avoiutina of iocallyacapted
demasi-it

Although varniance in host quality cm
affect herbiveres In many ways, we will gis-
cuss only how vananceé in the ingested
tissue affects herbivore performance via
Jensen's inequality. The vanance scrually
experienced by a herbivore is a function
of the scale at which variability occurs.
the mobility of the herbivore and the dis-
crimination capacity of the herbivore Host
tissué quailty can varv among plant popu-
lations, plants within a popula‘ion, Jeaves
within aptant and even areas withinasingle
Jeafté M, Variability bevond the scale of
foraging by an Individuai will tend to exart
43 effects at the population level (e.g. if
fecundity as a function of leaf chemistryis
nonlinear. then mean populatisn fecun-
¢ity will differ from that precicted from the
mear: leaf chemistry) Vartatility at & finer
scale can exert effects at he level ¢f the
individual (eg. If gevelopment time s34
function of leaf chemistry is nonlinear, then
development time for an individual can
dilley tram that predictad by the average
chemustry ot ingested leaves;. Behaviorai
responses that allow harbivores to exploit
resources with higher average (i§sué
quality!$22 wi)l tend to reduce the vari-
ance experienced by the herbivores, Such
behaviors reduce the impact of jensen's
inequality, but do not eliminate it unless
the realized variability is reduced to zero.
it is also pessibie that other behaviors
actually increase the variance experienced
by the herbivore and hence increase the
importance 6f Jensen’s inequality

Insect herbivores are affected by
host variance in nitrogen

Insect growth performance as a fun¢-
tion of distary nitrogen ecoacentratior,
[N, 1s often nonlinear??L®. This implies
that varfance In host [N} has direct on-
sequences {or insect herbivores The
responses are decelerating saturation
functions for the southern armyworm
(Spodoptera eridania) and gypsy moth
(Lymantria dispan®?.In these cases. vari
ance in [N} should depress performance
and this has been experimentally demon-
strated for gypsy moths?, In the western
spruce budworm (Choristongura geciden
talis), the response functions for survival
and female pupal Mmass are complex,
accelerating at low [N] and decelerating
at high {N1%. Therefore, the elfect of hast
variance on budworm performance would
tend to be positlve at low average [N} and
negative at high averaga [N}, Insect growth
performance can also be linear®, in which
case there are no direct effects of vari-
ance in dietary nitrogen. variance in [N}
can exert direct effects on herbivores.

but the magnituce and direction of the
effects will “differ among taxa because
taxa differ in the shape of theirraspoase
functions.

insect herbivores are affected
by host variance in secondary
metabolites

Herbivore periormance as alurctlon ot
secondary metabolite oncentrations aiso
includes arange of functions from linear tg
complex {having bath accelerating and
decelerating regions)¥~8 For exampls,
growth yate and survival of tne leaf beetlz
{Chrysomela falsa) decraasedlineariy with
condensed 1annims from birch (Betula
resinifera)® Oviposition succass of the
southern pine beetie (Dendroctonus fron-
raiis) was a negative exponential {acceler-
ating) functionof tree resin flows3. Survival
of the cabbage looper (Trichopiusta nf)
was a decreasing decelerating functici of
diester concentration®®. Larval mass p:the
tebacca budworm {Heliothis virescens’
declined with increasing concentrauons
of two different diterpena acids aut the
functions were decelerating at low leyals
and accelerating a! higher laveis®,

The jact that many o! these response
functions are nonlinear suggests that
variance i host secondary metabolits
conceatraticns has direct consegquences
for herbivores. 4 the studies we egam-
ined. the performance response of herti-
votes to secondary metabolite ¢oncen-
trations tended to ba accelerating functlons
rather than decelerating tanctions {ten
cases of acceleratuig functions versus threq
cecelerating functions, two complex tune-
tions and eight Lpear funcijons), Th's
suggests that many herbivores will benefit
from variance in seconda:ry metabofile
concentrations besanse of Jeasen s in-
equality. In some systems. Jensen’s in-
equality could result in selection for plants
to decrease variance (perhaps by distrib-
wting resources evenly) Karban er g/}
suggested that induced defenses in plants
are a means of elevating variance in host
tissue that are selectively favored betause
of Jensen's inequality. If so. tnduced de.
tenses should be most common in sVS[eMmg
where herbivore performance is a gzceler-
ating function ot metaolite concentratinn,

The form of inse¢t response functions
is relevant to plant breeding and pest man-
agement. In the case of cotton (Gossypium
hirsutumy), herbivore performance tends
to decline with allelochemical conaen-
trations®, so deploying strains of ¢otton
with ahigh average concentration of afie-
lochemicals could reduce damage by in-
sects. However, because hérbivore per-
formance tends to decline as a negative
exponential function {an accelerating
function) and plant tissue concentratioris
tend to pe variable, the reguction in
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nerbivory would pe less than expected
based on mean concentrations of allele-
chemicals.

The shape ot herbivors pertormance
functions could change with evolut,onary
time. Because of pnysiclogical and bio-
chemical constraints. we expect “that
~harges in tne slope of performance func-
tions and shilts 1 the fynction peaks will
be ore common than changes from decel.
erating to accelerating or vice versa. li
evolutionary and behavioral responses
t9 host var:ance do not commonly change
the s:gn of the 2nd derivative 01 a per!ot-
mance function (i.e. acceleratjag versus
decelerating), they canrot inlluence the
diraction of the effect of host variance on
a herbivore.

Variable phytochemistey and the fre
quency ol nenlinear responses by herbie
vores £ phytochemistry suggest a strong
role for Jensen's inequality ifl pfant-
herpivors interations, Simple simulations
can caleulate the effects of Jensen's
inequality: these only require estimates
of the response function and of the fre-
quency aistribution of the driving vare
able. in general, the magnitude of Jensen's
inequalily will wcrease with inereasing
nontinearity (absolute value of the 2nd
derjvative} and mereasing variance i
the driving varlable. but many tespcnse
functions witl be more complex than &
simple axponentlal model and many epvi-
ronmental variables have non-normal
Jistributions, [ these cases, there 5 prob-
ably fo substitute for simulations devel-
oped around empirical frequency djstril»
utions, The net effect ¢f host vanance
aspends on the combination of the
response functions for all relevant som-
pounds and, for a given herhivore. the
shapes of these unctions might differ far
different host compounds. Simulations
can be developed around response sur-
face models#* whenever herbivare per-
formance is influenced by interactions
among tost traiis (e.g. when there are
interacting effects of dietary nitrogen and
secondary metabolites®).

Conclusions and prospects

Jensen's inequality deserves consid-
gration in many more areas ot ecological
research tnanwe have discussed here,
For example, photosynthesls is a deceler-
aling function of temperature and many
plants respond to increased atmospheric
carbon dioxide concentration (CO,! with
increased maximum assimilation. a shift
in the optimal temperature and a narrow-
ing of the peak in the temperature re-
sponse®. One consequence suggested by
Jensen’s Inequality is that natural vari
ance in temperature will cause agreater
depression in assimilation under {ncraagad
{CO,) than a! ambient [CO,; because of
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the narrowing of the peak. Estimated
effects based soleiv on maximum assimi-
lation or assimiation at a given ‘tem-
perature will overestimate the effect of
increased {C0O,).

In any system w which nonlinear
processes artcommon. Jensen’s {néqual-
jty describes and predicts direct impii-
cations o° environmental variance A
dorminant theme in ecosystem science i3
1he development of models that can be
driven by rsadily obtained dats, such as
monthly average temperatures. but can
still captu~e e behavior ¢i dynamic bio-
logical systems ther arz somehmes -
trinsically nonlineary” With estimates of
the response functions and the variance
experienced, Jensen’s inequality can be
used (o estimate t h e errar involved
in averaging at different scales and aid
in choosing the appropriate scale for cal-
culation steps in the model,

Recause resources are often distrib-
uted unevenly (spatiai variance), Jersen’s
inequality has beer: imphcated in ex-
planations of saltaigry search aad
risk-sensitive loraging®. in popularion
ecology. functional responses, numerlcal
responses and intragpeciflc interferencs
tana to be nonlinear and population den-
sities are often aggregated and highly
variabie®, Results of stochastic popu-
lation models will systematically diifer
from results of equivalent deterministic
models whenever the models include
nonlingarities®  Community ecology
includes extenstve consideration of aon-
linearities tn species Interactions and
evolutionary ecology invotves the study
of nonlinear fitness surfaces.

In conclusion, Jensen’s inequality has
broad relevance for understanding the
effects of environmental variance on eco-
logical and evotutionary processes. it de-
serves ¢onsideration whenevrr a study
system includes nonlinear’ processes.
The inequality is a0t a biolegical
phenomenon per se but instead a mathe
matical consequence of the nenlinear
form of many biological functions and
the variance inherent in many environ-
mental factors. Progress in cur under-
standing of the role of environmental
variance i ecology and evolution wil! be
accelerated if Jensen’s inequality be
comes as familiar 10 ecologists as the
central limit theorem.
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