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ABSTRACT. A logistic equation is the basis for a model that predicts the probability of 
obtaining regeneration at specified densities. The density of regeneration (treeslha) for which 
an estimate of probability is desired can be specified by means of independent variables in the 
model. When estimating parameters, the dependent variable is set to 1 if the regeneration 
density (treeslha) on the plot is greaterthan the specified density (treestha), otherwise 0. Since 
it is desired to  estimate parameters for a range of probability densities, traditional estimation 
techniques for logistic models cannot be used. Multiple regeneration densities require a 
muitinomial distribution, for which maximum likelihood estimates are obtained. Counts of 
shortleaf pine regeneration taken 9-10 years afterthinning on 182 plots established in naturally 
occurring shortleaf pine forests are used to estimate parameters. FOR. SCI. 49(4):577-584. 
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ATIJRAL IIEPIIOUIJCTION OF S I I O I ~ ~ L E A I :  PINE (Pinus 
echirzutu Mill.) is essential for continued manage- 
ment of naturally occurring shortleaf pine forests. 

Such forests are comn~on in eastern Oklahoma and western 
Arkansas on the USDA Forest Scrvice Ouachita and Ozark 
National Forests as well as on land in nonindustrial private 
ownership and sonx  industrial holdings. Restoration of the 
shortlcaf pine-blucste~n grass forest typc, thought to be the 
prcsettlc~ncnt forest type in parts of thc Ouachita nlountain 
region, has contributed to sustaincd interest in ~nanagcmcnt 
of naturally occul-ring shortleaf pine on the Ouacliita. Na- 
tional Forest (Huebschmann 2000). Lawson (1986) stated 
that about one-half to one-third of primarily shortleaf or 

~nixcd loblolly (Pinus tnedu L.)-shortleaf' forests were cx- 
pected to be naturally regenerated. 

Slleltotl (1997) studied understory development in pine 
and pinc-hardwood shcltcrwood forests in thc Ouachita 
Mountains during a 3 yrperiod after a shelterwood cut. Sound 
pine seed production inonitored wit11 secd traps ranged from 
marginal to good during the 3 yr period after cutting (96.37 11 
ha in l990,69,190lha in 199 1, and 383,0 13lha in 1992). Pine 
seedlings 3 yr after the sheltcrwood cut avcragcd 3,830 
ste~nslha, with no significant differences bctwcen ovcrstoly 
or hardwood control treatnients (Shelton 1997). The mini- 
mum density limit for nattiral regeneration of even-aged 
shortleaf pine is usually considered to be 1,730 stemslha 
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(Shelton 1997, Campbell and Mann 1973, Grano 1967). 
A study of shortleaf pine regeneration 3 yr after imple- 

mentation ofuneven-aged silviculture in a shortleafpine-oak 
forest also illustrates the influence of factors such as variation 
in seed crop, summer clroughts, and hardwood competition 
that affect shortleaf pine regeneration in the Ozark and 
Ouachita Mountain region (Shelton and Murphy 1997). Har- 
vesting occurred on the plots from December 1988 to early 
March 1989. Shelton and M~lrphy (1 997) stated "More and 
taller seedlings were observed in the 0-hardwood treatnient, 
and values progressively declined as additional liardwoods 
were retained." Shortleaf seedling mortality for the period 
1990-1991 ranged from 50% with no hardwoods to 86% 
where 6.9 m2/ha of hardwoods were retained. Slielton and 
Cain (2000) give acornprehensivc discussion ofregeneration 
for uneven-aged stands of loblolly and shortleaf pine. 

Shelton and Wittwer (I 996) reported the results of a study 
of shortleaf pine regeneration in the Ouachita and Ozark 
Mountains from southern Missouri to southeastern Okla- 
homa during the 9 yr period from 1965 to 1974. During this 
period, they reported one bumper crop and two good crops. 
Their analysis indicated that seed production tended to de- 
crease with increasing overstory pine and hardwood basal 
area, while tending to increase with stand age. Shelton and 
Wittwer (1996) concluded that in most of their study area, 
seed production should be sufficient for natural regeneration. 
Wittwer and Shelton (1 992) summarized studies of shortleaf 
pine seed yields from Virginia to east Texas. They concluded 
that good seed crops could be expected to occur from 2 to 4 
of 10 yr but occur less frequently near the limits ofthe natural 
range for shortleaf pine. 

Analytical tools for predicting desired regeneration densi- 
ties should be usehl  to foresters managing natural shortleaf 
pine stands. Shelto~i and Murphy (1994) present equations 
that predict loblolly pine seedling and sapling density (trees/ 
ha) 5 yr after implementing uneven-aged silviculture. The 
regression tecliniques used to estimate parameters in their 
equations are designed to prcdict mean values of the depen- 
dent variable (regeneration stems per hectare). However, it 
would be equally useful to know the probability of obtaining 
a mininimii density (treeslha) sufficient to regenerate a pine 
forest. Larseu et al. (1997, 1999) used logistic models of the 
following form to predict the probability ofoccui-rence for 
oalc regeneration in the Missouri Ozarks: 

exp(b, + b,BA) 
P, = 

1 + exp(b, + b, BA) 

where P,, is the estimated probability of attaining the speci- 
fied number of reproduction dcnsity sterns within a defined 
size class, BA is basal area per unit area for the overstory, and 
bo and I?, are estimated coefficients. Estimates ofcoefficients 
in Equation (1) were obtained by using standard logistic 
rcgression ~cchniques. The dependent variable was set to 1 
for data plots that contained at least the specified number of 
reproduction stems in the specified size class and set to 0 for 
plots that did not satisfy these criteria. The resulting csti~nates 
can be used in Equation (1) to predict probabilities, which are 

restricted by the mathematical form of Equation (1) to be 
between 0 and I .  

Larsen et al. (1997) fitted separate sets of coefficients in 
Equation ( I )  for different specified nlininlum reproduction 
densities ranging from 125 stemsiha to 1,000 sternslha. 
However, it may be desirable to fit parameters to a singlc 
equation in which the minimum density can be varied. The 
objectives ofthis article are to develop a model form that can 
be used to predict probability of regeneration density at 
specified, variable densities and to apply this model to 
naturally occurring shortleaf pine stands. 

Data 
Plots were permanently established in naturally occurring 

shortleaf pine forests on the Ouachita and Ozark National 
Forests during the period fi-on1 1985 to 1987. These plots are 
part of a cooperative study by the USDA Forest Service 
Southern Research Station, the OuachitaNational Forest, the 
Ozark National Forest, and the Department of Forestry at 
Oklahoma State University. Plot locations range from areas 
on the Ozark National Forest near Russellville, Arlcansas 
(latitude 35.3ON, longitude 93.1 O U T )  to areas on the Ouachita 
National Forest near Broken Bow (latitude 34.0°N, longitude 
94.7"W) in southeastern Oklahoma. Most of the plots are in 
the Ozark and Ouachita mountain highlands, while some of 
the southerly plots are in the West Gulf coastal plain. 

The original study design specified establishment of 
three plots in each combination of four age classes (mid- 
points 20, 40, 60, and 80 yr), four site index classes 
(midpoints 15.2, 18.3, 21.3, and24.4 m a t  50 yr), and four 
density (ln21ha) classes (midpoints 6.9, 13.8, 20.7, and 
27.6 m2/ha). Plots wcre remeasured during the periods 
fro111 1990 to 1992 and again from 1995 to 1997. Of the 192 
plots originally specified by the design, 182 remaining for 
the third measurement were suitable for this study. In 
actual plot establishment, there were also deviations from 
planned age, site index, and density (m2/ha) classifica- 
tions. Each plot locatioll consists of a 0.08 ha circular 
measurement plot surrounded by a 10 n~ buffer strip. This 
10 m buffer strip received the same treatment as the 
measurement plot. At plot establishment, each plot and 
surrounding buffer strip was thinned from below to a 
specified residual shortleaf pine density (m21ha). Plots 
which were already below specified densities were not 
thinncd-these occurrences wcre inostly at the higher 
densities (27.6 m2/ha). Hardwoods in the plot and sur- 
rounding buffer strip were controlled by herbicide using 
injection or felling with stump spray. All shortleaf pine 
remaining in the 0.08 ha plot after thinning and greater 
than 2.5 cni dbh were mapped, classified by crown posi- 
tion, and had their dbh's measured. Total heiglits and 
heights to crown base were measured on a subsaniple of 
shortleaf on the 0.08 ha plot. Dominant and codonlinant 
shortleaf pine measured for total height were aged from 
increment corcs. This enabled estimation of plot site indices 
using the curves developed by Graney and Hurkhart ( 1  973). 

At the second relneasurement (1995 to 1997), two 
0.002 ha (5 milacre) subplots were established within each 



0.08 ha overstoly plot for measurement of understory 
conditions. One 0.002 ha plot was established due north 
and a second due soutl? of the center of the 0.08 ha plot. 
Each 0.002 ha subplot was circular, with a 2.53 m radius, 
and was located midway between the center and the bound- 
ary of the 0.08 ha plot. All shortleaf pine regeneration and 
hardwood understory stems 1.37 m tall or taller within 
each 0.002 ha plot radius were tallied by spccics and 2.5 
cni dbh class. Counts of shortleaf pine regeneration for the 
two 0.002 ha subplots were averaged on each 0.08 ha 
overstory plot and expanded to a per hectare basis for 
model development. The interval between plot establish- 
ment and understory measurement was 9-10 yr. Means, 
ranges, and standard deviations for the data used to fit the 
model of probability for regeneration at specified densi- 
ties are given in Table 1 .  

Probability of Regeneration with Varying Minintuin 
Trees per Hectare 

An expression for the probability of obtaining regen- 
eration at varying mininiuni densities call be obtained by 
modifying the logistic function. The niodcl should be such 
that the probability of desired regeneration density in- 
creases rnol~otonically as the minimuni regeneration den- 
sity decreases. The probability of obtaining at least zero 
regeneration stems should be one while thc limiting prob- 
ability of attaining desired density should approach zero 
as the ~ninitnum regeneration density goes to infinity. The 
following model form satisfies these conditions: 

P,(T, 2 t,) = 

Pb (Ti 2 t,) = 

where 

Pb(T, 2 tk)is the estimated probability that the regeneration 
treesiha are greater than or equal to tk for plot J .  

T is number of shortleaf regeneration stems pcr hcctarc [or 
I 

plot 1, 

X!, is the value for the independent variable i on plot,j, 

tk is regeneration threshold k,and 

b = (b,,, bi ,;..b,,,,h,,,, bI2;.. b,,,) isavectorofcocfficie~its 
estimated from the data. 

Equation ( 2 )  is constrained to predict a probability of 1 
for obtaining at least tk = 0 regeneration stems. As t,,. 
approaches infinity, the probability of obtaining tk or more 
regeneration stems goes to zero in Equation (2). Equation 
( 3 )  is mathematically equivalent to Equation (2); How- 
ever, this form is more similar to that used in commonly 
available logistic regression programs. Lowell and Mitchell 
(1987) used a predefined percent dbh growth as an inde- 
pendent variable in a logistic regression to estimate the 
probability of exceeding or equaling a specified dbh in 5 
yr. Since several levels of growth percent were consid- 
ered, their approach resembles Equation ( 3 ) .  Johnson 
( 1  984) used logistic regression to estimate the probability 
that northern red oak (Quevcus vzihva L.) regeneration 
exceeds a specified height. This also seems to be similar to 
Equation ( 3 )  since the specified height level was used as an 
independent variable, and multiple height levels were 
used. These authors apparently stacked or combined rep- 
licates of the datasct representing variable success levels. 
This approach call provide workable estimates but ignores 
corrclation among replicates. The observation associated 
with a tree evaluated at the first success level is correlated 
with the observation representing the same tree evaluated 
at the second success level. 

The niultinornial distribution can be used to develop a 
correct likelihood function for estimating parameters with 
Equation ( 3 ) .  Using Equation ( 3 )  with three minimum 
densities, t ,  = 740 ,  t2 = 1,235 and t3 = 1,730, it is cvidcnt 
that the regeneration density on each plot niust fall into 
one of four categories so that one of the following Rer- 
noulli variables will be one while the others will be zero: 

Table 1. Summary of data from 182 plots used to estimate parameters in a model of 
probability of attaining desired regeneration density (treeslha) for naturally occurring 
shortleaf pine. -- -- -. - 
Variable Mean SD Min.. Max 
Basal area (m2/ha) 17.19 7.49 6.27 29.61 
Age (yr) 54.96 20.14 18 93 
Site index (m at 50 yr) 18.75 3.44 1 1.86 26.55 
Regen. treesha 859.44 2293.28 0 13343.69 
Y, = 1 if regen. < 740/ha, else 0 0.791 0.408 0 1 
Y, = 1 if 740iha I regen.< 1235/ha, else 0 0.0275 0.164 0 1 
Y, = 1 if 1,235lha < regen.< 1,73O/ha, else 0 0.0495 0.2 17 0 1 
Y, =I if regen 2 1,73Oka, else 0 0.132 0 1 0.339 



Y = I if less than 7401ha shortleaf regeneration 0x1 plot j, 
11 

otherwise 0. 

Y2/ = I if less than 1,235lha but at least 740lha shortleaf 
regenerat~on on plot j, otherwise 0, 

Y*. = 1 if less than 1,730iha but at least 1,235lha shortleaf 
?I 

regeneration on plotj, otherwise 0, and 

Y4, = 1 if at least 1,730lha shortleaf regeneration on plot 1, 
otherwise 0. 

The ~nultino~llial distributio~l associatcd with these ran- 
dom variables leads to the following likelihood function: 

Results 
Nkouka (1999) found that variables likely to be corre- 

lated with shortleaf pine regeneration density include plot 
age, site index, and plot basal area per hectare. Shelton and 
Wittwer (I 996) have docuniented the positive correlation 
of stand age and the negative correlation of basal area with 
shortleaf seed production. Lawson (1986) noted the diffi- 
culty for growth and survival that shortleaf regeneration 
experiences on better sites due to rapid hardwood re- 
growth. Thus, plot basal area per hectare, site index, and 
age were selected as potential independent variables. 

Regression analysis was used to investigate prediction 
models for prediction of  the number of shortleaf pine 
regeneration stems per hectare. Parameters in the follow- 
ing ~nodcl  were estimated by using notili~iear least squares: 

Taking natural logarithms in Equation (4) yields: 

where t ,  = 740iha, t2 = 1,235lha and t 3  = 1,730lha shortleaf 
regeneration stems. For parameter estimation, Equation (3) is 
substituted for 

Equation (4) is based on the likelihood function for 
multinomial choice models equation 18.3.1 given by Judge 
et al. (1985, p. 768). The use of the multinomial distribu- 
tion to obtain a likelihood function is similar to the dcvel- 
opment of the multinomial logit model (Judge et al. 1985, 
p. 768-772). However, the fonnulation for probabilities 
used in Equations (4) atid (5) is different from the ~imlti- 
no~nial logit model in several ways, one being that the 
same fu~iction with common parameters is utilized ia all 
categories. The method discussed above differs fro111 lo- 
gistic regression tccllniques used for ordinal data in that 
the variable t (regeneration level) in the final model can be 
varied continuously. Maxi~nurn likelihood estimates of 
parameters were obtained by maximizing Equation (5) 
with the LOGDEN function in STTAZAM eco~~omet r ics  
software (White 1993, p. 255-266). 

where 

TI is the predicted number of shortleaf pine regeneration 
stcms per hectare, plot j  

X,, is plot j  basal area per hectare after thinning (m2iha), 

X2j is plot,] age (years), 

X3 is plot j  site index (average total height of do~ninants and 
codominants in ~lleters at 50 years), 

Xql IS  1 ~f plot J was th~nned and treated In 1985 01 1986, 
othenv~se 0 

Standard errors are given in parentheses betieath parani- 
eter estimates. The standard error for the residuals (root mean 
square error) ii-om this 111odel was 1,878. The model explains 
34% of the total variation (as measured by the corrected sum 
of squares) in the nu~nber  of shortleafpine regeneration stcms 
per acre ("tit index" 0.34). The standard error for this model 
is rather high. As a result, the   nod el explained a relatively 
low proportion of the total variability in shortleaf pine regen- 
eration stcms. Equation (6) estimates the Incan or expected 
number of shortleaf pine regeneration stems and does not 
directly estimate the probability of attailling desired levels of 
regeneration. Therefore Equation (3) was the basis of a model 
for predicting the probability of attaining desired shortleaf 
pine regeneration densities. 

Prelirninaiy analyses of the data continned that variables 
important for predicting probability of attaining desired rcgen- 
eration de~isity included plot age, site index, and plot basal area 
per hectare (Nkouka 1999). These analyses included use of 
PROC LOGISTIC (SAS Instih~te Inc. 1997) on dependent 
variables associated with 2 74 1, T. 2 1,235 and 7; > 1,730 

.I 
separately as well as with a "stacked" dataset including all thrce 
levels. STEPWISE and BACKWARD options in PROC LO- 



Table 2. Goodness of fit for predicting probability of shortleaf regeneration stemslha on randomly selected data 
independent of parameters used for prediction. -- 

No of 740iha or -- more -- - -- I ,235lha - or more 1,730lha - or nore - - 
Baearea (nl'iha), 51te ~ndex (I) plots Observed Expected - Observed Expected Observed Expected - 
Below or eaual 16. below or eaual 

17 8 5 3.9 5 3.4 5 3.1 
Below or equal 16, above 17 7 3 2.5 2 1.9 1 1.6 
Above 16, below or equal 17 20 4 4.6 2 3.8 1 3.3 
Above 16, above 17 26 2 4.3 2 3.1 2 2.4 
Total * -- - -- 14 61 _____-- 1 1  9 15.3 12.2_ d!:L. 
NOTE: For 740ilia: Chi-square = 2.29, P-value = 0.68; for 1,2351ha: Chi-square = 2.78, P-value = 0.59; for 1,730nia: Chi-square = 4.23, P-value = 0.38. 

Chi-square values tnclude expected and observed fatlure results 
* Dev~at~on of totals and column sums due to roundlng 

GTSTTC were used as aids in variable selection. Rasal area per 
hectare was consistently the most highly significant variable. 
The significance of the relationship between basal area per 
hectare and shortleaf pine regeneration has long been noted in 
the literature, as indicated above. This is due to thc fact that 
slioftleafpine is a shade intolerant species, so that high levels of 
basal area per hectare tend to be con~elatcd with lower densities 
of shortleaf pine regeneration. Nkouka (1999) indicated that 
regeneration densities oti plots established in 1985 1986 dif- 
fered substantially froni those established in 1987. This could be 
a result of the annual shortleaf pine seed crop variability in the 
Ozark-Ouachita Mountain region (Shelton and Wittwer 1996). 
Even during years when adequate seed crops occur, the hot dry 
sunimers common to the region may impede seedling establish- 
ment. Further analysis of a rnodel for probability of attaining 
regeneration density based on Equation (3) indicated a signifi- 
cant relationship between site indcx and the mininiuni regcnera- 
tion density. Since some plots were measured on a 9 yr interval 
while others were measured oil a 10 yr interval, prelitninaly tests 
were conductcdusing PROC LOGISTIC to evaluate the s ipif i -  
cance riseasurernent interval on the model. Tests using PROC 
LOGISTIC STEPWISE and BACKWARD with a significance 
level of a = 0.05 and the dependent variables discussed above 
consistently rcsultcd in a model that did not include measure- 
ment interval. These considerations led to the following model 
for estimated probability of attaining desired rcgcncratioti for 
shortleaf pine, 9-1 0 yr after tliinning and hardwood co~itrol: 

Tn order to obtain an independent dataset to test coeffi- 
cient estimates obtained by using the log-likelihood Equa- 
tion (5), one-third of the data were randomly removed as 
an independent dataset for testing, while the remaining 
two-thirds of the data were a "fitting" datasct used to 
obtain coefficient estimates. Tliis proccdurc provided test 
data independent of coefficient estimates. 

The independent dataset was used to evaluate model 
performance in Table 2 by cornparing actual sliortleaf 
regeneration stems 9-1 0 yr after thinning to the expected 
number predicted by Equation (7) in four overstory short- 
leaf basal area per hectare-site index classes. These four 
classes are: (1) basal arca equal to or bclow 16111~1ha and 
site index less than or equal to 17 m; (2) basal area equal 
to or below I 61n2/ha and site index greater than 17 m; (3) 
basal area above I 6m2/ha and site index less than or equal 
to 17 nl; (4) basal arca above 16m2/ha and site indcx 
greater than 17 m. Rasal area specifications for categories 
are based on overstoly densities after thinning at the time 
of plot establishment. The expected number of plots ex- 
ceeding the specified number tk of shortleaf regeneration 
stems per hectare in each category E(Tc) is: 

wliere Equation (7) is used to predict values of P(Ti>fk) 
and t z ,  is the number of  plots in the basal area - site index 
class of interest. Tcispection of Table 2 shows reasonable 
correspondence between predicted and actual numbers of 
plots achieving specified regeneration thresholds, 740/ha, 
1235/ha, and 1730lha. A chi-square statistic was calcu- 

(7) 
lated for each regeneration density (treeslha) in Table 2. 
Neter etal.  (1989, p. 613--615) a11dHosnlera11d Leineshow 

wlierc tk is minimum threshold regeneration density (trees/ (1980, 1989 p. 140-145) discuss evaluation of logistic 
ha), and ho, b l ,  hZ, h3, b4, h 5  are coefficients esti~natedusing lnodcls by usi~lg a chi-square tcst. For each regeneration 

t11c data. density in Table 2, the number ofsitc index-- basal arca pcr 

Table 3. Agreement data to estimate Cohen's measure of agreement K  (standard error), 
K =  0.38 (0.16) for predicting that randomly selected plots independent of parameter 
estimates will have 740 or more shortleaf pine regeneration stems per hectare, with P- 
value = 0.02 for H,: K =  O. O- -.-M -. .. . 

-- -..- ActualI740 or more Actual less than 740 Total 
Predicted 740 or more 5 2 7 
Predicted less than 740 9 45 54 
Total . - 14 -. 47 6 1 . - .- -. 



Table 4. Parameter estimates of a model that predicts probability of attaining specified densities of naturally 
occurring shortleaf pine regeneration, based on the combined dataset consisting of 182 plots. 
Variable -- Coefficient Estimate SD P-value 
Intercept b0 3.6412 1.7685 0.041 
XI,, basal area (m2/ha) b I 0.13238 0.030571 0.000025 
X,, age ( ~ r )  b2 -0.01741 0.010104 0.087 
X,,, site index (m at 50 yr) b3 -0.43772 0.15666 0.0058 
(X3,)zln(r,), (site index)2 x In(regei1eration density*) b4 0.0023892 0.0006014 0.00010 

&thin year b, -1,2300 0.45333 0.0073 
* Treesha specified. 

hectare categories c is 4. Therefore, the P-values given at 
the bottom of Table 2 are based on 4 degrccs of freedom. 
These P-values indicate the hypothesis that the model fits 
the data cannot be rejected at the cc. = 0.05 significance 
lcvel for any of the three mininiun~ regeneration densities. 
Thus, these tests fail to reject Equation (7) as a model for 
probability of achieving a specified regeneration density. 

The independcnt dataset was also used to evaluate the 
ability of the model to predict which individual plots in this 
datasct would contain 740, 1,235, or 1,730 or more shortleaf 
pine regeneration stenis per hectare. Plots were designated 
likely to attain a specified number of shortleaf regeneration 
stems per hectare when Equation (7) predicted a probability 
for attaining that density of one-half or greater. Table 3 
su~nmarizes the agreement between predicted and actual 
numbers of plots in tlie independent dataset attaining 740 or 
more shortleaf pine regeneration sterns per hectare. Based on 
these data, Cohen's coefficient of agreement K(Cohen 1960, 
Bishop ct al. 1975, p. 395-397) was esti~natcd to be (standard 
errors in parentheses) 0.38 (0.16). Since tlie estimated coef- 
ficient of agreement was more than twice its standard error, 
the coefficient of agreenient was significantly different fro111 
zero at the a = 0.05 level of significance (also see P-value 
given in Table 3). Similar tests indicated that Cohen's k'was 
not significant for the probability of attaining 1,235 or 1,730 
trees per hectare. However, Cohen's K coefficient shoulci be 
intei-preted in light of the nature of predicting tlie probability 
of events that have a less than 50% chance of happe~iing. 
Suppose a collection of plots having a given set of indepen- 
dent variables is predicted to have a 30% chance of attaining 
1,730 shortleaf regeneration stems per hectare or more. None 
of these individual plots would bc predicted to attain 1,730 

regeneration stems per hectare because none of then1 had a 
predicted probability of greater than 50'%, yet we would 
expectthat 30% ofthese plots would have 1,730 regeneration 
stems per hectare or more. 

For cornparison purposes, parameters for Equation (6) 
were reestimated using the same split fitting data discussed 
above [the parameter estimates shown in Equation (6) above 
are based on the complete dataset]. Predictions froin the 
resulting equation were used to predict which plots in the 
independent data had 740 trees per hectare or more, and 
Cohen's K was calculated for this classification. The result- 
ing K = 0.40 was statistically significant and similar in 
magnitude to that for Equation (7) discussed above. How- 
ever, Equation (7) classified 80% of the plots in the indepen- 
dent data correctly as compared to 73% for Equation (6). 
Equations (6) and (7) were designed for different primary 
objectives. Equation (6) is not designed to directly estimatc 
the probability of attaining specified levels of regeneration 
stems per hectare. 

The "fitting" and "independent" datasets were combined 
to obtain estimated values of Equation (7) coefficients given 
in Table 4. The signs of the coefficients for age and thinning 
year are negative, indicating that the probability of attaining 
regeneration density will increase as the values of these 
variables increase. The positive sign associated with the basal 
area per hectare coefficient in Table 4 indicates a decreasing 
probability of attaining regeneration density as basal area per 
hectare increases. The sign of the coefficient associated with 
the interaction between regeneration density tn.and the square 
of site index is positive, indicating decreasing probability of 
attaining regeneration density as the threshold for desired 
density is increased. This is a logical property of the model. 

Inilld bawl ares, square meleis per heclare Ini:ral basal area, square mclerj per heclam 

Figure 1. Probability of obtaining shortleaf regeneration greater Figure 2. Probability of obtaining 740 or more shortleaf 
than three specified densities 9-10 yr after thinning at age 50 yr regeneration stems per hectare 9-10 yr after thinning at age 50 
on site index 21 m (base age 50 yr) stands, good conditions. by site index (S) class, poor conditions. 
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Figure 3. Probability of obtaining 740 or more shortleaf 
regeneration stems per hectare 9-10 yr after thinning at age 50 
by site index ($1 class, good conditions. 

Site index is associated with two coefficients, h j  and h4, one 
positive and one negative. Since site index is squared in the 
term associated with h4, trials show that tlie net effect of 
increasing site index in the model is to decrease the probabil- 
ity of attaining regeneration density for ranges of site index 
norinally observed in shortleaf pine natural stands. These 
model properties are consistent with the relationships be- 
tween shortleaf seed production, age, and basal area observed 
by Shelton and Wittwer (1996) and with Lawson's (1986) 
observations on site quality, hardwood competitioi~, and 
survival of shortleaf regeneration. 

Properties of Equation (7) are illustrated in Figures 1-3. 
For all figures and all threshold n~iniinuin deasities, the 
probability of attaining that density (treesiha) 9-1 0 yr after 
thinning declines sha~ply with increasing overstoiy shortleaf 
basal area per hectare. Figures 2 and 3 indicate that tlie 
probability of attaining at least 740 sho~tleaf regeneration 
stenis per hectare 9-1 0 yr after thinning is greater on poorer 
sites. This corresponds with Lawson's ( 1  986) observatioiis 
regarding the effect of hardwood regrowth on shortleaf 
seedling survival on better sites. Shelton and Gain (2000) 
state that for uneven-aged stands, it is more difficult to obtain 
loblolly or shortlcaf regeneration for good sites due to in- 
creased competition from nonpine species. consequently, 
they discuss use of selective hcsbicides. Comparison of 
Figures 2 ant1 3 illustrate the possible differences represented 
by annual variation in good and poor conditions for seed 
production and seedling establishment. Figure 2 represents 
poor conditioiis (X4j= 0). while Figure 3 shows good condi- 
tions ( X 4 . =  I). Co~nparison of these figures indicates that the 

J 
differences in probability of attaining regeneration density 
(treesiha) can be substantial. This may be due to the wide 
variation in annual sccd crops that is typical in the Ozark- 
Ouachita Mountain region (Shelton and Wittwcr 1996) or to 
differences in conditions for seedling establishment and 
survival. 

Discussion and Conclusions 
A model has been developed that can be used to predict the 

'>robability of attaining specified regc~ler.ation deilsities 9- 
10 yr after thinning in na t~~ra l ly  occurring shortleaf pine 
forests. Para~neters were estiinatcdusing specified regenera- 
tion densities between 740 and 1,730 regeneration stems per 

hectaie The model form allows foi cont~nuou? v a ~ ~ a t ~ o n  of 
the regeneration density level deslred Vdr~atlon between 740 
and 1,730 stems pei hectare would probably bc justified for 
the model parameters presented hcrc Var1able5 that s~gnifi- 
cantly dffected the p ~ o b a b ~ l ~ t y  of regeneration density In- 
cluded overstory basal alea pel hectare, s ~ t c  ~ndex,  ovc~story 
age, and an ~ n d ~ c a t o ~  var~able used to express the d~fference 
between good and poor years for secdl~ng cstablishmcnt 
These factors are consistent with the ~esul ts  of prevloui 
research concerning valiatlons m sl~ortleaf pine seed p~ oduc- 
ti011 rt~ld seedl~ng estdbl~sh~llent 

Although the parameters heie were est~mated uslng 
data fiom naturally occurring shortlcai pine forests, the 
b a s ~ c  model tonn should bc applicable to estlmatlon of 
p r o b a b ~ i ~ t y  of a t t a ~ n ~ n g  regenclatlon density foi othcr tree 
species Apply~ng the model to othcr specles would prob- 
ably requlrc the use of somewhat different bets of ~ndepen-  
dent v a ~  iables However, the b a s ~ e  model structure dnd the 
nletllod of parameter estitnatlon plesented here should be 
broadly applicable 
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