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Abstract 

A inathetnatical tiarnework is introduced to study attractors of discrete, nonatttonolnous dynami- 
cal systctns which depend periodically on time. A strttcture theorem for s~lch attractors is established 
which says that the attractor of a time-periodic dynainical system is the ~11tiix1 of attractors of ap- 
propriatc a~rtonontous {naps. If the nortautottornous systet~~ is a perturbntiort of an ailtottomoils map, 
properties that the t~onautono~uous attractor inherits 1.1-~III the autonotnous attractor are discussed. 
Examples I'ro~n population biology are preseittcd. 
0 2003 Elsevier Inc. All rights reserved. 

1. Introduction 

Th14 work d e v e l o p  ,t t~~,tthcin~itic,il l i a i ~ ~ e w o ~ k  lor 4tudylng rittirtCt01\ of d r \c~e te ,  
no i1 , iu tonnou  dyi~ain~c'ii  \y\teini which depend pel iodically on trine C o n t ~ n u o ~ ~ \  L ~ ~ ~ d  
di\cietc model\ ot 111,tny phy\~c'tl ,tnd biological \y\tem\ include pel iodtc v,ii~dtioi~ I I I  both 
Intrin\rc 'iind extitil\lc pal ,tmetei\ [ I-Z,S,X] Foi inoclel\ III populcttion biology, peilodicity 
111 \e,t\on '111d cltmatc ,tffect\ intiin\ic par,rmetei\ \uch ,I\ pop~zl . i t~) i~ growth ~, t te \ ,  c~ t i i  y- 
ing c,il>,icit~e\, 'und zntel,tction coellicrent\ and ,ttfect\ cxtllnuc f,tctoi\ w c h  'I\ \ tockii~g, 
h,irve\tlng ,ind migi,tt~on [6,7,  I l . I  31 111 ildditioil. Guklnez 'ind M,rti,i\ 1-1-1 i l l t~\ti~itcd how 
pel rodlc \toching o~ h,ii ve\ting m'iy be u\ed to pioduce \t,ible pet iodic o\c~ll,ttion in pop- 

I Re\e:i~-cl~ \~~pposted by rhc llSI)A-I4,re\t Scr\.icc. Southern lie\cal-cll Stiltion, Soutllern In\titutc or fi,se\t 
C;ei1ctics. S;lc~cier, MS. 
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U I ~ I ~ I ~ I I  \ IZC f o ~  Iogr\t~c 'tnd exponential map\ whrch behave ch,iot~cally w~thout \tock~ng 
or h,trve\t~ng Hence. chao\ may be coiit~ollcd In t h ~ \  \eltrng by u\ing pc~iodrc to~crng 

The elfect\ of pel ~ o d ~ c  fluct~~,i t~on\ have been ob\c~ved i n  labo~~ttor y exper iment\ 5111- 
\on 181 \tudicd the o\c~ll,it~on\ In populat~on w e  ol ,I flou~ beetle (7i-rholrrtr~~) g~ven a 
1x1 rod~c food \uppl y Henson .ind C ~ r j h ~ n g  171, Co\t,int~no et '11 [ l 1 ,ind Hen\on et dl 161 
exp1,iinecl J~ll \on' \  ob\erv,~t~on\ ,und \ugge\ted 'idd~t~onal labo~atory experlinent5 by u \ ~ n g  
a i-d~ineii\~on,~I. cli\crete model to \tucly the f o u ~  beetle'\ he l i ,~v~o~ 

Mot~v,ttcd by model\ from populat~on biology. here we \tucly L~ t t~c ie to~ \  1 0 1  t ~ i i ~ e -  
peirod~c, d ~ \ c ~ e t e  dynarmcnl \y\tem\ The 1 x 1  ~otlicrty pelmlt\ u \  to con\~der '111 .~\\oci,ited 
'iutonomou\ I I ~ C I ~ ~  011 '1 topo10gic~il cyl~nder con\tructeci by rncluciriig trrnc 'I\ an ,idd~tronal 
\t'ite v'111able The \tLtnd,lrd definrtlon4 for ,iutonomou\ map\ ot concept\ \uch ,I\ Invan- 
;tnt \et\ 'tnd ,itt~'ictor\ ni'iy be u\ed to define the\e concept\ 111 the t~me-cicpenclent 4etting 
Tile coinpclctne\\ i n  the tlrne t l~rcct~on clvord\ tlie teclir11~;11 details Thleme [ 14,15) need\ to 
dchne .~tt~,~cting \et\ f o ~  ~~ori,iutonoi~~ou\ \emiflow\ U \ I I I ~  the cyl~nder \pace, we plove 'I 

\ t luctu~e theorem w h ~ c h  \t,tte\ tln'it ,in attractoi ol ,t time-pel~ocilc clyndrrr~cal \y\iern 15 tile 
unron of ,tttr'ictor\ ot app~op~la te  ,iutonomou\ mcip\ We e\tnhll\ln cond~t~on \  w111ch gu'il- 
antee the\e ciuto~~o~mou\ ' i t t~  actor\ 'ire ho~ileornorphtc and the coi re\pontl~ng ~iutot~ori~ou\ 
m,ip\ ,ire conlugate Il the trme-pcr~odic \y\teni 14 '1 \rn,ill C '  perturbation of a clrtlco- 
morph~\in with ,I hyperbol~c ,ittractor then we \how that the\e c ~ u t o ~ i o ~ ~ ~ o u \  attractor\ 'ire 
homeomorphic to each othe~ '111d to the  inp perturbed hyperbol~c 'Ittractor Such perturba- 
tlon\ ,iri\e tr om trme-per~od~c f o i c~ng  of an ,iutonomous \y\tem, e g . See Hen4on 15 1 or 
Selgrade 'ind Roberd4 I I Z ]  

Section 2 p~e\ent \  ex,imple\ ol 5eve1-a1 ,ittr;~cto~ 4 w111ch occur In a time-dependent prcy- 
p~eciatol model The\e example\ \ugge\t that the topolog~cal 4tructurc ol 'in 'ittracto~ 14 

~el ,~ted to the per~od of the trme-v,~r~,tt~on ,lnd that ~ t \  domain of c t t t ~ d ~ t ~ o n  depend\ on 
t~rn~c Sect~on '3 11gorou4y develop4 the inathemat~cal l~iunework lor our 4tudy .~nd prove\ 
the \ti-ucture theo~em foi t~me-period~c attractor\ Pesturbatron\ of ,iutonomou\ map4 and 
hypcrbolrc~ty 'ire d~\cu\\ed in Sect~ons 4 ,111d 5 

2. An example of periodic variation in a prey-predator model 

In th14 \ection we d ~ \ c u \ \  ,I \1111ple, 2-d1men\ion,il pley p~ed,~tor \y\tern whrch ex13c11- 
ellee\ pel i od~c  v,u l'itron In the I I I ~ I  1n41c I>I ed'itor gi owth I 'ite Let 1 denote the prey popu1'1- 
tlon clen\rty ,~nd 1, the pred,ito~ den\lty We ~i \ \ume th'it the pel c'ip~ta t~an\~t ron lunct~on\ 
'ile l ~ n e a ~  function\ of the popul,it~on tfen\rt~es 'ind t,ikc ~xi~,irnetcr vciluc\ 40 thdt the 'ittr'ic- 
to1 In the po\rt~ve qu,idrant i \  ,in Inv'ilr~int loop 111 orcle~ to pioduce 2-pel ioclrc V ~ I ~ I , I ~ I O I I  in 
,in I ~ I ~ I I I I \ I C  pLncitnetel, we mult~ply the prcd,ito~ g~owth 1,lte by the term ( I  + a ( - I ) " )  f o ~  
0 doc 1 Foi r l  = 1 .  3, o u ~  \y\teiii take\ the forrn 

We re\trrct o u ~  attentioil to \mall den\ity v,tlue\ bcc,iu\c 11 2 4 or t > 2 then the prcy 
dcns~ty bccoitie\ neg'lt~vc in the next gene1,ition If cu = 0. thi\ \y\tem hC1\ a11 ;~t t r~ic t~ng 



It 15 cle,tt thdt '111 'Ittractor 1' 111 X' produce\ an attr'icto~ A In X f o ~  the t1111e-per iod~c  
cfynam~cdl \y\tem 

To urtde~\t,itld the 4tructule of an ,ttt~,ictor A = r ~ ( f ) ,  con\ldcr the tr'tpp~ng leglo11 
Li c ;Y lor f Thl\ trapping leglon iesttrcted to each fiber give\ 'tn open \et which c,in be 
u\ed to p~oduce a11 dltidctoi to1 'in duto~~omous \y \ tc~n In X The ,tutonomou\ \y\tem 15 

the compo\itlon of '111 of the f ,  t'iken 111 ,in dppropll'tte older The un~on  of these ,ttt~,tcto~s 
1s A The next theoiem give\ ,i pleclre statement ot t h ~ \  o b s c ~ v ~ ~ t ~ o n  ,ind we wrll r e t c~  to ~t 
,is the Str lrc tllrr rhcoronl 

Theoren1 3 (St1 uctute theorern) Lrt A hr rrr7 trrtr-ric torfor rhc l~-~)~'r.rodr( d\ i~(irnr( (11  5 )  ~ t ( ~ r 7 1  
I 

{ /o. f I , . . I ] Th(~lc.11 A = Ur A, ,  LI 11c1r~1 A,  1 5  (in rrttr(lc torfor. 111r 11rr11, 1, I o o 
f ,  1 0  f ,  X +  X , / o r r = O , I ,  . ] ? - I  

Proof. A \ \ L I I ~ ~  A 14 ,in 'ittr'icto~ f o ~  the p-period~c dynam~c~il  sy4ter11 The11 there 14 'tn 
.~iti'iclor I' for the cyltnder r11'11) F s ~ ~ e h  thdt n\ ( r )  = A S ~ n c e  F(X ,  ) c X I  I ,,,,,,i, then 
S 1 ' ( X , )  C X I  for each fibel X ,  Now F ( r )  = 1'. \o J-/'(I-) = f Let A, = ry(r  n XI ), 
I e , A, I \  the projection of the part of  r In the r th fiber T11u\ A = ~il(: A, and J-[ ' ( { I  ) x 

A 1 ) = { 1 ) x A ,  N o w S 1 ' ( ( r . ~ ) ) = ( 1 .  / I  /I  10 0 f ,  l o f , ( ~ ) )  SO / , I / ,  10  0 1 , l l  0 

( A , )  = A1 
To \ee that A ,  I \  a11 ~tttractor f o ~  /, I o o /, -1 o f ,  we need to flntl a trapprng 

ieglon U ,  Srnce r I \  ,111 ~ittr~ictoi 101 F ,  it h,i\ ,I tl'ipplng reglon 1.1  ow s(zA) c u \o 

.F1'(U) c ZA Let U, = r x  (21 n X I  ) S ~ n c e  ,Y I \  a fimte number of cope \  of X,  ~n X, = 

u n XI a11d U ,  = r r ~  (a n X , )  Uung that .F/'(lj n X I )  c IA n X ,  we \ee that /, ./, I o 
o f ,  I O / , ( U , ) C U ,  T h e t ~ ~ ~ ~ i l \ t e p ~ ~ t o g ~ t A , = n , ~ ~ ( / ~ , , , ~ o  o / , L ~ o / , ) " ( u , )  

To see t h ~ \  f i ~ \ t  note that IA > F ( z ~ )  >  LA) > > F/ ' (Ll)  > > ~ m p l ~ e \  th'lt f = 
nx ,I-o F 1 ' ( U )  = n , ~ , ) F 1 ' ~ ' ( I ~ )  Thu\, on e,tch fiber, Ll give\ ,I t1'11op111g reglon lo1 S/' fol 
the 'ittractol wh1c11 I \  the ~nter\ect~on of I' w ~ t h  th'it fibel Thus A ,  = 0,: o (  /, , /, I o o 
I ( ,  1 I o / ,  ) ' l ( l j , )  dnd A, 1s an 'ittr'lctor i-i 

Theorem 4. If 3' 1 5  ( I  hor7lcornorphr \ill on ( I  tr(111l)rrlg r(,grorl for trrl trttnrc tor f tllrrl (111 lhr 
( o o  A c I o 1 o 1 o r . 1 1  I I ( o o ~ o  , 1 o o /, - 1  o /, 0 1 1  t l ~ r  
A,  triAc tol~ologrc nlly ( orlllrgritc 

I'roof. As\ume S I \  ,I h o n ~ e o r n o ~ p h ~ \ ~ ~ ~  o n  trapp~ng reglon U Then / ,  I \  '1 horneon1o1- 
pl-t~sm ttom n\(U n X i )  ~ n t o  n.,:(ZA n X I  I ,,,, ,,I,,) to1 e,ich 1 = 0, 1 .  . p - 1 S ~ n c e  the 
cor11po\1t1o11 of ho~neornoiph~\n~\  I \  '1 I i omeomorph~s~~~ ,  f ,  /, I o o /, I I o f ,  is '1 home- 
omo~l>hi\m f ~ o ~ n  r~ (ZA n X i )  ~ n t o  1tsel1 The ,tttlactol r produced by the tl'ipping reg1011 
ZA I \  I I I ~ ~ I I ~ I I ~  ~irlcie~ 3 'ind '1 subset of 1A Thus S 1s ,I horneomo~l,h~sm I t  o m  r onto f 
Srnce F ~ ~ d s  bbe15 to l~bers, the fiber \ of I' ,iIe homeornorphrc Now A ,  = n\ ( r  n X I  ) 
and i r y  ~ e \ t ~ ~ c t e d  to X ,  I \  ,t homeomo~ph~rrn Thus the A ,  ale homcomorph~c ~ t \ ~ n g  

1 , ( A , ) = A ,  I 

To \ee th'tt /, /, I o o /, , 1 o /, A, -, A, 1s topologic.tlly cctnlug,ttc to f ,  /, o o 

/ , . l o  / , L I  A ,  I + A ,  1 ~cr-ticn~bei th'it /,,,,= / , . \ o ( / ,  o /, I ) o / , =  / , o  

( /, ,' 1 o o f ,  1 o /, ) S111ce f ,  14 'I ho~neomo~ ph14111 trom A, onto A ,  , 1 , thr\ cqu,ition 
shows th'it / ,  14 d tol>olog~c,il co~i j i~g~icy betwcerl /, /, o o / 1 o / I I , 1 o o 



,/; I I o ,f; . Similarly all the ,f; -,, - I o . . . o f ; +  1 o J) . i = 0, I . . . . , 17 - I . are topologically 
co~i.jugate. u 

We will now pie\ent 4everal example4 of attractor\ 111 time-period clynam~cal \y\tern\ 

Example 5. Thl\ 15 'I 2-pertodic \y\tem on R 1,et fo(r) = I /2 'ind f l  (I) = 1 + t / 2  S ~ n c e  
fo(4/1) = 211 m ~ d  f  (211) = 411, the \et {2/3 ,4 /1)  I \  Invai~~int U \ ~ n g  the f'ict that both 
of the\e mdp\ 'ire conticict~oli\, we 4ee th'it 211 i \  the att~actirlg hxed polnt f o ~  fo o f ,tnd 
4.13 I \  the attr'ict~ng tixcd point for f l  o f~ There me rnarty cho~ce\ for tl'ipplng region5 
Onc cl~oice I \  to t'ike ( J o  = Ul = (- 10, 10) 

Thi\ example ~llu\trate\ the next theorem about contr-nct~on\ oti complete meti-~c \pace\ 

Theorem 6. Let { fo f  , fl , . . . j,, 1 } hr ri p-penodri dvr~unzrc a1 5) \tcJrll on ( 1  c or?rplctc, 
lo( ( i l l y  i otnpui i, 117rirri \p i (  P X Lf <>(I (  11 f! 1 s  ( I  ( orItr(ir trot1 ti1011 e(i( !? f ,  +,> 1 o . o fl 1 o 1, 
1 5  ( I  i o n t l ~ ~ c  troll ~ r t h  ( I  ~llzrq~ie f i led 17o1r1f Y ,  ~ l r d ,  for cach of f h ~ s e  (or17/7o\itrot1\, tlren. 1 s  

( irr ol>rtr \ ~ i  vthrc h r c  rr tr-(rl)pir~q Y ~ ~ I O I I .  TI/(' (oll i~i  tlon of frxc~u'portltc {qo, (11. , q,, 1 } i s  

rirr rittmc tor for thr p-l)crroc/rc \\'\tern. 

Proof. For each i ,  j;+,,-l o . . . o ,f;+l o .fi is a contraction since the compositioil of two 
contractions is a contraction. Also since a contraction has a unique fixed point, for each i ,  
f; , , i  o . . . o ,f;+l o 1; has a unique fixed point q;. The union of the open unit disks about 
each q; is a trapping region with the collection of fixed points {(lo. ql . . . . , y,,- I ) as the 
attractor for the p-periodic system. n 

When we are deal~ng w ~ t h  contraction\, we are in a jett~ng \ ~ r n ~ l a r  to that of iterative 

funct~on \y\te~n\ The major d~fference 14 that In lteratlve function \y\tem\ the order of 
'ipply~ng the iitnction\ i \  random, wh~le  ,I p -pe r~od~c  dynci~nlccil \y\te111 ha\ fixed order 
tor apply~ng the map\ 

Example 7. Con\ldei the 2-pe~lodic \y\tem on W wheie t o ( \ )  = t 2  f 1 'inci f l  (1) = 

t ' - 1 Note that the\e map\ 'ire not contraction\ Now fo(0) = 1 'ind f  ( 1 ) = 0 so (0, 1 } 
14 '111 ~ I I V C I ~ I ~ I I ~  \et 1o1 th14 \y\ten~ To see thdt thi\ \et 14 'in cittiricto~, we w ~ l l  look 'it the der IV- 
,itrve\ to \how thdt we have local 'ittlactlon /[;(O) = 0 and f [ ( I )  = 2, s o  ( fo o f l  ) ' ( I )  = 0 
,~nd ( f o fo ) ' (0 )  = 0 Since the\e iunctlon\ 'ile C '  , we C ~ I I  flnd t~'ij)r)~ng region\ c ~ ~ o ~ n d  0 
'ind 1 In fact, we c'in \IIOW th'it CJ = ( -0  25, 0 25) U (0 9, 1 I)  will w o ~  k If  we \~,II  t 'it 1 
wrth fo the11 the o ~ b ~ t  i \  { I .  2, 1, 10,99. }. wh~ch  14 e,1\1ly 4een to go ililbounded Th14 
exarnplc \ l~ow\  th'it we mu\t keep t~,ich o f  the \t,i~ting t ~ m c  In the ti,tpp~ng leg10114 

Example 8. Nume~~c,illy the ?-pel ~ o d ~ c  pley plcd,itol model (2  I ) with a = 0 1 or a = 0 4 
h,i\ 'in ,ittl,ictor con\lrt~ng of two clo4ctl curve\ E'ich of the\e clo\ecl cuivc\ 14 ,In 'IttIactol 
lo1 ,in ~utonomou\ \y\tenl con\~{tlng of the compo\ltiotl of the two map\ mak~ng up thi\ 
inoclel When a = 0 1 the trapp~ng ieg~on\  for the\e 'itt~acting loop\ ciitl be tCiken '14 the 
\ame Set, I e , a11 , ~ i l n ~ ~ l ~ i r  band cont'un~ng both loop\ Thi\ 14 not t11e c,i\e when a = 0 4 
When a = 0 4. the two loop\ hme \epdr,ited \ ~ g n ~ l ~ c a ~ i t l y  mtl the unlon of two narrow 



(a) even attractor no (b) odd attractor A, 

annul1 each contalnlng one loop, a trapplng reglon. If we start In the d~atnond-5haped 
leglon 111 Frg. 2 at t = 0, the o r b ~ t  can o\clllate w~ldly and escape to negatlve lnfin~ty 

Example 9. We studied numerically a 5-periodic system in Sectioil 2.  In this system the 
attractor consisted of five closed curves (see Fig. 3). Each of the five closed curves is an 
attractor for a specific composition of the 5 rnaps making up this system. There is a large 
annular region which contains all 5 closed curves and is a trapping region for each of the 
5 compositions. This annular region is a trapping region for the 5-periodic system. 

If one f ,  I \  not a homeo~norphi\rn on a ne~ghbol-hood of A, then the w h e t \  A, may 
not bc homeomorph~c 

Example 10. Take Ji)(.r, y )  = (1x1, y )  and f l  ( r ,  0) = ( 0 . 5 ~  + 0.5. 2H). Nontrivial cir-cles 
ceiltered at the origin are sent onto nontrivial circles centered at the origin by , f l  o f i ) .  Under 
itemtion the radius of these circles converge to 1. The attractor for JI o Ji, is A0 the circle 
of radius 1 and any annillus centered at the origin and containing the  illi it circle is a trapping 
region. Because , f i )  folds along the y-axis, the attractor for , f i )  o ,fI is the semicircle A 1 .  

See Fig. 5 .  

4. Perturbations of autonomous systenls 

The 11-pe11odrc predatol-prey   nod el In Sect~on 2 c,ln be viewed ,I\ <I p e ~ t u r b ~ ~ t ~ o n  ot 
,in ,iutonomou\ \y\tetn ( I  e , Eq ( 2  I) w ~ t h  ~u = 0) w ~ t h  constant pred'ito~ g~owth rate Pe- 
~ ioc i~c  v a r ~ ~ i t ~ o n  111 ,in ~ntrln\lc pdrarnetel '~nd per~odlc t o ~ c ~ n g  ,ue 1i~itu1~11 \cen,lllo\ lo1 
obtaln~ng 19-perrodic \y\tem\ 110111 'Iutonomou\ \y\tem\ The 'itt~a~tor tor the '1utonomou\ 



\y\tem (2  I )  w ~ t h  cu = 0 I \  'in ~iiv~triaiit elwed culve Foi the value\ of w we \tudy, the dt- 
t i  'tctor for the time-depende11t model I \  a Linlon ot 2 clo\ed curve\ (\ee Fig 1 ) In the next 
two \ection\ we w ~ l l  tnve\t~gate whether or not an attrdctot for a pe~turbed, trme-per~odrc 
\y\tem ~ n h e r ~ t \  pl operties t~ om the atti ,tcto~ ot the oi ~ g ~ n a l  ciutoiioinou\ \y\tcm 

We define the concept ot  two p -pe r~od~c  \y\tein\ berng C" clow Flr\t let f ,  g X + X 
and let Y c X We \ay the f and g are c') 8-close on Y 1f cl( f ( u ) ,  ~ ( x ) )  < F tor a11 
r t Y Let { f o ,  f 1 .  f } i d  g g , , g,, I ) be ~ > - p e ~ ~ o d l c  dyndm~cal \y\tern\ 
ot X Let Y = {Yo.  Y I .  . Y,, 1 ) be '1 q u e n c e  ot 11 \ub\ets of X Then the p-periodic 
\y\tem< ale c') ~ - c l o \ e  on Y ~t L / (  f, (u),  g,(x 1) < r to1 'ill I E Y,, I = 0. I ,  , 17 - I 
We ,tl\o \ay that the two \y\tem\ are C" F-perturbat~ons oi each o t l ~ e ~  We c'in ex- 
tend thi\ dehnlt~on to C' F-perturb,~tion\ Start by t'lklng X = R" and Y 'in open \ub- 
\et ot R" Let 11' f (u)  be the I th der~vat~ve of f ,it u 'ind cl(D/ f ( I ) .  D J g ( u ) )  be 
the rnaxlmum ot the ~ t h  partl'il de r~v~ t t~ve \  ot f - g dt 2 Now let d L (  f ( a ) ,  g(1)) = 

rncix{tl( f ( I ) ,  g ( r ) ) ,  d ( D  f ( I ) ,  Dg(u)),  , d ( ~ ~  f (u),  ~ ' ~ ( u ) ) }  By ~ e p l ~ i c ~ n g  d wrth r lL  
in the defin~t~on oi p-peilodlc \y\tem\ be~ng  C" F-clo\e on Y ,  wc obt'i~n the definrtion of 
17-per~odrc \y\tern\ bang  C' F-close on Y 

An exctmple of 'I property whlch 15 111he11tecl unde~ C" pe~turb~ition I \  the ex15tence ot  
,I tr'lpping reglon Given an autonomou\ i11'1p f X + X, c o n \ ~ d e ~  the 1,-per~od~c \y\teln 
u w g  f tor e'ich map Let F he the corte\pond~ng cylrnder map If U c X 15 'I tiapplng 
regton tor f then the corre\pondrng trapp~ng region 2.4 tor F 11s U on each ot  the fibers, 
l e ,  

2.4={0, I ,  , p -  I} x I /  

Since u 14 '1 trapplng legion tor 3, c = o 5 m~n{cl(F(;), x \ 2.4) : E Z;i} I \  posltlve ~t G 14 

any C" F-pertuibat~on of 3 then g(G)  C 2.4 dnd 2.4 I \  a tlapplng legion to1 In pal ticulai, 
~f thc ~ ? - p e ~ l o d ~ c  \y\tcm {go, g~ . , g , ,  1 } 14 a C" F-pe~tu~b't t~on ot { f ,  f ,  , f ) and 4 i \  

the corre\pond~ng cyllndei rnap then G 14 a c') F-pertu~batioii\ of F Thu\ U I \  a trdpplng 
legion 101 the 17-per~odlc \y\tc~n {<yo, gl , , g,, I } The Stiuctu~e theorem cl\\eit\ that the 
att~~ictoi A c U ior the \y\teni {go, g i ,  , g,,-I} I \  the union ot p \ub\et\ A, Thew 
A, nl'iy bc d ~ t t e ~ e r ~ t  Irom each o the~  'ind d~tfeient t ~ o ~ n  A , ,  the dttracto~ tot the o ~ i g ~ n d l  
autononiou\ m'tp f . a4 the follow~ng exdmple \how\ 

Example 11. Take J'(r, H )  = (0.5r + 0.5, 20). The11 A is the circle o f  radius 1 ,  see 
Fig. 6(a). In Cartesian coordinates, f ( x .  y)  = ( ~ i ( x ,  y ) ,  v(x, y)) is given by 

Ilcl~ne the C '  c -perturbation {go, ) 01 the \y\tem { /, f } by t'iking < q ) ( ~ .  \ ) = f ( I .  I ) 

'tnd q 1 ( r , \ ) = f ( x , ) + (c  , r- ) For F = 0 05, the \ub\ct A 1 appear\ to be ,111 ,tnnulu\ dnd 
hence not homeoriio~ph~c to the c~rc le  (Fig 6(a) 'ind (c)) A. ha\ two d~\tinct ring\, \ec 
Fig 6(b) Thu\ A. ,ind A ,Ire not hotneomorph~c to edch other Thew legion\ 'Ire not 
homeomorph~c to the c~rcle A 1 tior to one mothel bccau\e f I \  not a 11oineornorph1\111 





The Mean Value theorern implie\ that ii' x E D(0, r) ,  then there are polnt4 (,I. ( 2 .  . . . , (.,, c 
I>((). r )  wch that 

Thus 

The T~iangle ~nequal~ty  give\ I I  H, ( I (  a ) I /  < / I  H, O (  2 ) - H:, o(0) / I  + I I  Hq o(0) / I  < r/4 + 
r/4 = t /2 So H, o map\ I)((), r )  Into D ( 0 ,  r 12) 

Now let \ E D(0, r/2) anci Y E D(0, t ). l l  H ,  , ( k ) I 1  = I l  v + H, o(  u )  11 ,< I I  \ / I  + 
j l  H, o ( Y ) / ~  < r /2 + r/2 = r So H, , D ( 0 ,  r)  -+ D(0, r )  Let t 1 .  Y? E D(0 ,  r )  Then 
l/IJc , ( r l )  - Hq , ( v ? ) / I  = /jHs O ( X I )  - H, o ( Y ? ) I ~  < Ilvl - v?11/4 by the Mean Value tbe- 
orcm So H: , 15 a contraction w ~ t h  contractroii con\tant L = 114 Th15 1mp11e\ that H:, , 
ha\ unique fixed polnt In II(0, r )  Thu\ 

Thus there 15 only one polnt In D ( 0 ,  r )  that g \end\ to v 
We fin14h the lemma by show~ng g I \  one to one on  I j ( 0 ,  r/S) Let v E L)(O,  r/S). Note 

that Hs o(x) - N, o(0) = v -g(w)+,y(O) S o g ( x )  -g(O) = w - Hl: o ( Y ) +  HS 0(0). Thu\ 
Ils(\) - s(o)ll < llull + IlH, o(7) - Hq o(O)II < r/S + 1/4(r./S) = t-/4 and \o Ilg(w)l/ < 
1 1  ~ ( 0 )  I /  + r/4 < r/2 So by the prevlou\ paragraph I \  no other point 111 D(0 ,  r.) that g \end\ 
to q ( v )  Thu\ g I \  one to one 011 D ( 0 ,  r/5) u 

Theorem 13. Let A c R" h~ i olrllli~i 1 cirzd H he or1 opijrl rlc~rghhot-liood of A If f B -+ R" 
r r  11 drfleor?~or~~l~rrrn orito r f r  1/7iir,ge, then there I \  cin oper1 rc2t U wrt11 A c U c R iind 
tr  riergl~hovhood N  01 / r r l  tlw C1 r~iirl7r fror~i R rrzto 'R", c I ( A ,  R"). cuch thirt I/ q E N  
rherl g rr.\trrc tc~d to U 1 \ ti drjfc~orrlo1~7lir\iri orzto rtr rrniigc 

Proof. We \t,trt by not~ng that we can a\\umc that U ha\ compact clo\ure u that I \  con- 
tamed 111 B S ~ n c e  / I \  ,I drfteonio~phi\m on B, I det(Di (u))l r 0 on R and bounded 

i ,~w,iy irom 0 011 u The cont~nuity 01 the part~al\ ol the tunetion\ ~n C '  (H. R") and of 
1 det(I>f ( I ) ) /  on these p ' lr t~al~ give\ neighborhood N I  of f In C '  (N. R") \uch that ~t 
q c NI then det(I)g(a)) .f 0 for I E I/ The lnve14e Funct~on theolein tell\ u\ that the\c y 
'11 e locally one to one and tli'it loc,illy their Inver \e\ '11 e C '  'tnd have non\ingula~ der~v,~-  
tive\ 

The remalntng {tep I \  to {how that 11 the 1: 14 clo\c enough to / . then g will be globally 
onc to one on u FIX an x c u Alter .i change ol coord~nate\. Lemmtt 12 can be u\ed to 
\ilow that tlic~e I \  '1 n c ~ g h h o ~  hootl 01 f .ind '1 colnp'lct d15k cont'tinlng x 111 1t4 Inter lor \uch 
th'tt ,111 the q 111 tlie netghbo~ hood of / ,Ire one to one on t h ~ r  fixed coi~~pact  d ~ \ k  S111ce 
we c,in do t h ~ \  iol each po~nt  In U. we have '1 tnrn~ly of comp'tct dl&\ Now c o i ~ \ ~ d e r  ~t 

new t,trnily I> of comp'ict obt'i~ned l ~ o m  the or~g~n,t l  tatnily by  educing tlie ract~u\ 



of each d ~ \ k  to half 1t4 ongrnal value S ~ n c e  I/ 15 compact, we cdn cove1 I/ w ~ t h  a finrte 
number ol the co~npdct di\k\ In 11 Let r be the mlnlmurn rad~u\ Let g be In the fin~te 
rriter\ect~on of the co~rc\pond~ng ne~ghborhood\ of f In C '  ( I ? ,  R") If A ,  ,1 E and they 
are ler\ thm r dpalt, then they arc rn one of o u ~  orlg~nal di\k\ and g ( r )  f g o )  

Now ( f ,  f )  6' x u -+ lWi i  x R1' w ~ t h  the d~agon'll g a n g  to the d~agondl 'tntl thew 
ale the orlly po~nt \  golng to the diagonal Now t i  we le\ t~lct  ( f ,  f )  to U x Inlnu\ 
the u-ne~ghborhood of the d~agonal, the Image I \  compact 'ind ml\\e\ the d~agonal 111 

R" x R" by \ome d~stance F > 0 If q I \  w~thrn ~ / 2  ol f then (g, g) or1 u x 1/ mrnu\ 
the r-neighbo~hood of the ci~agonal dl40 ~ n ~ \ \ e \  the dlagonal In R" x R" So ~f I ,  \> E 0 
'ind they are at lea\t r +art, then g ( ~ )  # g(v)  We tiow have '1 nelghbo~hood N ol f in 
C '  ( B ,  R"), \uch that ~t q E N then q I \  one to one on I/ Thu\ the\e g ale d~flcomorph~\m\ 
from U onto the~r  Image\ u 

Theorem 14. Lct { f O ,  f , . . , f,, I } he u p-pcuroclrc d)ncrrnrt rll \prtrm wrth correcpondrrzg 
c y1lrlrk.r mtrp 3 Let U /7e LI trrqy~rng I-egron for 3 If 3 I\ cr dr~cor~~or;r~lzr\~~r on ri ncrgh- 
houllood of 0, tlzerz thrrc. 1 s  cxrl F > 0 ~rlld cr nerglzhorhood V of 0 \uch rhot rrrz) 17-prnoclrc 
\,>\ten? C '  c - c l o \ ~  to 3 1 ,  a dljfc>ornorl?hrtr?? or, V 

Proof. 3 is a diffeomorphism on some open rieighborhood 113 o i 'u .  The intersection of 113 
and with each fiber in the cylinder space X gives an open neighborhood of a compact 
set in R". Now 3 restricted to this open set is precisely the situation of the last theorem. 
Thus each of the functions Ji,, f l  , . . . . J;,_I are diffeomorphisnis from these corresponding 
open sets onto their images. If t. is less than the distance between the fibers in the fibered 
cylinder space, then any C" perturbation of 3 of size less than E will send the fibers to 
the fibers in the same order. Thus the perturbation can be thought of as coming from a 
perturbation of the p-periodic dynarnical system. In fact close to 3, C '  (X, X )  has the 
171-oduct structure of C '  (X,  X )  x C '  (X,  X) x . . . x C'  (X, X). Applying Theorem 13 to 
each ,f;, we see that on each fiber there is an open set V; in I3 which contains the intersection 
01.0 with the corresponding fiber and a neighborhood N; of J; such that if g; E N; then 
S ;  is a diffeomorphism on V; .  The cylinder map that { g o ,  gi ,  . . . , g I , 1 }  generates is a 
diffeomorphism 01' 

Example 15. Take f ( u )  = arctan(\) Theti 0 14 a globally attract~ng fixed pornt for thc 
d~SSeornorph~\rn f .  To get a 2-per~od~c dyna~n~cal  \y\tern that I \  C '  claw to { f .  f } let 
Y O ( \ )  = arctail(\) imd , q ~  ( I )  = ( 1  + rr)arctan(rc), where tr > 0 The attractor for { f ,  f } 
14 the \rngle fixed pollit 0 By the Structure theorern thc attractor for {,yo, ,y1] con\~\ t \  
01 the umon of the attractor\ AO for gl o <qo and A t  for go o gl.  The\e attractor\ are 
\ymrnetnc ~nterval\ centered at 0 Thelr LIIIIOII I \  the larger of the two ~nterval\. When 
rr = 0. I ,  gl o go ha\ three fixed pornt\, (-0 3997,0, 0 3997) and go o < q ~  al\o ha\ three 
hxed pollit\, (-0 3802,0,0.3802}. Hence, the attractor\ are A. = 1-0.3997, 0.39971 2nd 
A 1 = [-0.3802.0.38021. We \ee that the two attractor\ we homeomorph~c to each other 
b~rt they ar-e not horneomorph~c to the or~grnal attracto~ tor f 



Froin the last example we see that a srnall C '  perturbation of a diffeomorphism can 
prodiice ail attractor for a tirne-periodic dyilainical system with attracting subsets which 
are riot homeomorphic to the attractor for the diffeomorphisin. In the next section we will 
develop hyperbolic structure to obtain sufficient conditions so that C '  s-perlurbations will 
have horneotllorphic attractors. 

5. Hyperbolic cycles 

If X 15 an open subset of R" or 'in n-drrnens~on~~l m,lnifold then '1 fixed poiilt 10 E X 
oi f X -+ X I \  hspcrbolrt rt the deiivative Df (10) ha\ no eigeiivalues on the unlt cn- 
cle A p-cycle { Y O ,  I 1 ,  . x l , i }  of f I \  h)perl7ol1t r f  YO I \  d hyperbollc fixed pornt of 
the map f 1' In fact, if  {XO, 1 1 ,  . ui1-l} I \  GI hyperbolrc 17-cycle then for e'lch pornt u , ,  
r = 0. I ,  , 17 - 1, the rnat~rx Df " ( t , )  ha\ 110 ergerlv'ilue on the unrt circle becriuse the 
e~genvalue\ of I1 f / ' ( t i  ) are the \ame 'I\ thaw of Df lJ(xo) A hyperbolic /?-cycle ot f 
produce\ '1 hyperbolrc /?-cycle to1 the corre\pondrng cylinder rndp '14 described in the next 
p'lragraph 

Let {go, gl , , g,,-I} be a 1)-perrodrc dynamrcal \ystem on X dnd G X 7- X be the 
corre\pondrng cylrnder map Since ,Y rs p cop1e5 of X topologically, X 15 <I rl-dimen\ronal 
manifold The derivdtrve of G at ( 1 ,  1) E X is just DG(1,x) = Dg,(x) A p-cycle 
0 x i )  ( I  I ) ,  , (p - 1 ,  x , , ~ ) }  of 1s hyperbolic rt (0,  xo) I \  a hyperbolic fixed pornt 
of the inap GI' Cleaily, ,!IS/'((), uo) i\ grveil by the product 

Hence, r f  (10. u l ,  . I , , , -I} I \  'I hyperbolrc 111-cycle of f 'ind nz divide\ 17 then 
( 0  Y O ) ,  I .  I )  , (17 - 1 ,  1/,-1)} 1s '1 hyperbolrc /?-cycle of the cylrndei map .F a\so- 
crated to the con\t~lnt p-pel rodic \y\tem { f .  f, , j ) because 

Rec'ill that hypei-bolrc p-cycle\ 'ire stable under C '  pertulbatror~ Foi a d~\cussion 01 this 
rewlt for maps whrch 'ire rlot drffeomorphisrn\, see Appendice\ I and 4 111 Pall\ and Tak- 
en\ [ 101 1t {go, XI, , g l ,  1 } 14 'I C '  c-pertuibat~on of { j ,  f, , f ) with cylindei map 
S then G I \  a CI c-perturhatron of .F For r = 0, , n1 - 1 ,  each polnt I ,  on the hy- 
perbolrc 171-cycle of I /  tletermines a hyperbolic p-cycle of J \triltrng wrth (0 .  I , ) ,  I e , 
(0, ) I ,  Y I ) ,  , (17 - 1 ,  I! / , -I)} Hence, there 14 cl y, I I ~ ~ I S  x, ailcl a hyperbollc 
/?-cycle oi (; \tdrtlng at (0, 1 7 , )  Thus, the hypcrbollc 111-cycle of f produce\ rpr hyperbolrc 
p-cycle\ of the C '  c-peitur h'ltron {go. qk, . glJ 1 ) Thr\ ~esult  I \  an,ilogort\ to 'I res~llt 
of Hcnson 151 where the per tuibation col~espond\ to \mcill amplitude p-penodic i o ~ c i r ~ g  
Henron [ 5 ]  exhibrt\ an example where the peituibed p-cycle\ are not distrnct 

The riotion of hyperbolicrty rn'iy be extended to compact r~lvdriant \et\ of 'I inap (see. 
e g . P,iIi\ aiid T,~ken\ [ I  01) Let f X -+ X be 'I C '  m'ip 'ind A c X be a conlpdct rnvarrant 
\et for j A I \  /1)/7er/)oli( 11 there 'ire con\t,lilt\ A > 0 'lrld a .  0 < LY < I .  dild CI contriluo~r\ 
\pliltlng oi the tangent bundle over A iilto \t,~ble '111d un\table \ubbundle\, I c , T4 X = 
E' CB E 5 0  thdt 



( I )  Df (E") C E' and I l ( I l f i l \ )" / I  < Acv" forall 11 3 1 ,  
(11) Df (EL') = E". I)/  1 1 1  ha\ an mnver\e and Il(DflI LI  ) " / I  < Aa" lor all 11 3 1 

IS  A I I \  'I hyperbol~c Invarrant 4et f o ~  d d~fSeomo~ph~\m f and g I \  ,I C '  ?-perturballon 
of f then g ha\ a hyperbolic Invariant set A ,  homeomorphic to A ,  and f A ,  I \  topolog- 
tcally conjugate to g A , (\ec T h e o ~ e ~ n  7 4 113 1121) Howevc~. 11 j 1s not ~nvert~ble 111 

ne~ghborhood of A /  then g \ t~ l l  ha\ ,I I ~ y p e ~ b o l ~ c  invarrant \et A ,  clow to A /  [I01 but 
j 4,  may not be colljugate to q A+ and A ,  and A ,  m'ty 110t be homeomorph~c For an 
exarnplc in the context of 11-penod1c dynam~cal \y\tern\. \ce Example I I and Fig 6 

Theorem 16. Let f Izcrve a hypcrholrc. crtfmc tor A 1 rrrzd he (I d~flc~or71or~~lirtrn on  (1 rlc~rgli- 
horhood of u tlze i locure of a tr(ip/~trg reg1071 prodlic IIZS A 1 .  T/~CII tl?ere r c  ern r-. > 0 cind 
crr1 operl nclghhor-lzood V of u cut h tllcrt I/ {go. gl . . . . , g,, I ) r c  i r  C '  F-perturhrirlon of 
{ f ,  f ,  . . . , f ) or1 V therl V I S  cr trci/7/>rrlg rcJsqlorl for {go, gl , . . . g,,- 1 ) cirld pr-oduc cJs err1 

eltiroc mi c oncltra~g of p cuhcri) etrc 11 o j  vr Irrc 11 1 %  lror1zro1770rr~ii1( 10 A , . 
Proof. If f I \  '1 d~fteomomph~\m in CI ne~ghborhood of A thcn the cyl~nder map .F col- 
re\pollding to tile /)-pem~odlc \y\tern { j ,  j ,  , f ) 15 a d~f feo rno~ph~\m In a ne~ghbo~hood 
of the hype~bo l~c  ~nv'i~l'lnt set TF, where T~L- I \  A 1 111 each fiber If {go, X I ,  , g,,- 1 ) I \  

C '  E-perturbatlo11 of { f, f ,  , j ]  wlth cyhnder map G then 5' 1s 'I C '  F-perturbation of 3 
and a1\o G I \  'I d~t teomo~phi \m becdu\e of Theorem 14 It follows thLit G has .I hyperbol~c 
lnvallant \et TG homeornorph~c to TF Moleover, beeawe the ho~neomorphi\m between 
Tc; dnd f~ I \  hberw~\e, the coi~e\ponct~ng Inv'irr'knt \et A,  = n x ( T ~ )  for the 17-per~odrc 
\y\teml1 {go. $1 , . g ,  I ) con\l\ts ot  \ub\et\ e x h  hon~eon~orph~c  to A u 

6. Summary 

In order to \tudy ,lttracto~s 101 a 17-per~od~c, d~\crcte dynammcal sy\tern { fo ,  I t ,  , 
f i l l  ) 011 'i \tale \pace X,  t h ~ \  work ~n t~oduce \  the cyl~nder \pace X by add111g tlrne a 
\tate vdr~able and tntroduce\ the co~re\poildmng cyllnder mnap S Becau\e .F I \  autonomou\ 
'111d <I' 1:s compact In the time d~rec t~on ,  an attractor A tor { 10. f l ,  , I,, I ) may be de- 
hned ,l\ the prolectmon o f  'In ,ittr,ictom for S The Structu~e theorern show\ that A 14 the 
unlon of p \ubset\ A,.  where each A, 1s an attractor of 'ill ~ I U ~ O I I O ~ ~ O U \  \y\tem formed by 
compo\lng '111 of the f ,  taken In an approplmate older These A, ale homeornorph~c ~f each 
/, i \  a ho~~~eo~norph i \ rn  Exainple I0 (see Ftg 5) pre\etit\ an attlactor where the A, ,ire not 
homcomo~ p111c becau\e one f ,  I \  not a horneomnoi p111\ii1 

Pelrodre vdrl~ttton 111 CIII ,~utonomnou\ \y\tem / w ~ t h  attracto~ A /  olten re\ult\ III '1 

p-pa~c 'd lc  \y\tem w ~ t h  ,lltl,ictor A how eve^, Exdrllple 1 1  (\ee t3g 6) \how\ that ~i / 
I \  not OIIC to one thcn even ,I \n~all  C '  per tu~b'rt~on nlay hme ,III ,jtti,ictor w h c ~ e  the \ub- 
$et\ A, ,ire 1101 hoi11eo111orph1~ to each othci Iior to A 1 A\ ,I me\ult of Theoicm< 4 ,ttld I I, 
rt f 14 '1 dlf leomoiph~\~n 111 'I i i e~ghbo~ hood of A 1 then the \ub\et\ A, 'ire homeomo~ph~c 
to e'lch o the~  but may not be homeomorph~c to A 1 (4ee Exilrnple 15) With the 'iddr- 
t~on'il ,~\\utnpt~on of hypc~bollctty on A 1, we sllow that the A, ,ire ,ll\o homeomoiph~c 
to A / 
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