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ABSTRACT. The relationship between quadratic mean diameter and tree density appeared curvilinear
on a log-log scale, based on data from direct-seeded slash pine (Pinus  elliottii var. elliottii Engelm.)
stands. The self-thinning trajectory followed a straight line for high tree density levels and then turned
away from this line as tree density decreased. A system of equations was developed to model the
reciprocal effects of stand diameter and density through time. The equations performed well for these
data. Since the model is constrained according to the self-thinning rule, it should provide reasonable
extrapolation. FOR. SCI. 46(3):317-321.
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T H E  R E L A T I O N S H I P  B E T W E E N  T R E E  S I Z E  A N D  t r e e  S p a t i a l

density has been a topic of research and discussion
for more than six decades. Reineke  (1933) found

that the maximum quadratic mean diameter at breast height
(Q) for a given number of trees per unit area (N) could be
represented on a log-log scale as

log (N) = a + b log (Q). (1)

Reineke  (1933) reported a slope of -1.605 for 12 out of
14 species examined. Steeper slopes were noted for slash
pine and shortleaf pine. For loblolly pine (Pinus  tueda L.),
the slope was estimated to be -1.707 by MacKinney  and
Chaiken (1935),  -1.696 by Harms (1981),  and -1.505 by
Williams (1996). Bailey (1972) computed a slope of -1.58
for radiata pine (Pinus rudiatu D. Don). Drew and
Flewelling (1977) pointed out that the normal densities
published for Douglas-fir (Pseudotsugu menziesii [Mirb.]
France)  by McArdle  et al. (1961) closely followed Equa-
tion (1) with a slope of -1.54.

An analogous relationship relating mean size and tree
density is the so-called -312 power rule of self-thinning
(Yoda et al. 1963) that expresses size in terms of biomass or
volume. Given a weight-diameter relationship (e.g., Ogawa
et al. 1961), the -312 power law can be rewritten in the form

_ of Equation (1) with a slope of -1.67 (Drew and Flewelling
i977, White 1981). Both the Reineke  equation and the self-

thinning rule describe the maximum number of  trees that  can
exist for a given mean size and have been useful in develop-
ing mathematical  models  to describe s tand development with
time (Smith and Hann 1984, 1986, Lloyd and Harms 1986,
Somers and Farrar 1991, Cao 1994).

Current growth models that incorporate the limiting
size-density relationship have assumed that the logarith-
mic form of the relationship is linear throughout the entire
range of tree densities. Even if the relationship is curvilin-
ear, as has been shown with data from yield tables (Zeide
1987),  this assumption is still valid for either a narrow
range of tree densities (interval A), or for a wider range of
relatively high tree densities (interval B), as illustrated in
Figure 1. As self-thinning proceeds and tree density de-
clines, the trajectory diverges from a linear relationship,
approaching a zero slope.

The relationship between the log of quadratic mean
diameter and the log of tree spatial density in self-thin-
ning, even-aged monocultures of trees was never consid-
ered linear throughout the entire range of tree density
because trees are limited in size by their weight, restricting
the maximum diameter associated with lower spatial den-
sities (Westoby 1984). Forest management models are
unaffected if the departure from linearity occurs below the
typical densities of a managed forest. If the departure
occurs within typical management densities, mathemati-
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Figure 1. Reineke’s (1933) size-density line and the self-thinning
curve. Note that the self-thinning curve is approximately linear
for either a narrow range of tree densities (interval A), or for a
wider range of relatively high tree densities (interval 6).

cal models for predicting the development of forest stands
will need equations to account for the entire shape of the
size-density trajectory. The objective of this study was to
produce a more general model of stand development that
not only describes the changes in maximum quadratic
mean diameter and tree density from stand initiation to
self-thinning, but also describes the trajectory of maxi-
mum quadratic mean diameter and tree spatial density
after self-thinning, where the trajectory departs from
Reineke’s size-density line.

Data

Data for this study consisted of 615 measurements col-
lected on 147 permanent plots from direct-seeded slash pine
(Pinus elliottii var. elliottii Engelm.) stands on cutover forest
si tes located in central  Louisiana (Natchitoches and Rapides
Parishes)  and southeast  Louisiana(Washington  Par ish) .  Some
plots were precommercially thinned at  age 3 or 4 yr,  and none
were thinned at older ages. The data were described in detail
by Baldwin (1985) and Lohrey (1987). Plot size ranged from
0.040 to 0.048 ha. Stand age varied from 8 to 28 yr, tree
density ranged from 445 to 12108 trees/ha, and site index
(base age 25 yr) ranged from 9 to 23 m. Each plot was
measured from 2 to 6 times, at 3 to 10 yr apart. Figure 2 shows
the trajectories of quadratic mean diameter at breast height
and tree density for these measurements. A curvilinear rela-
tionship between limiting stand diameter and density is
evident from the graph.

The data were randomly divided into a fit data set (74
plots) from which regression coefficients were calculated,
and a validation data set (73 plots) to evaluate the models.
Summary statistics for the fit and validation data sets are
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Figure 2. Relationship between quadratic mean diameter at
breast height and stand density in direct-seeded slash pine
stands. The self-thinning curve is from Equation (4).

presented in Table 1. There were 234 growth measurement
periods for either data set.

Model Development

The equations shown below were developed based on the
self- thinning rule.  The idea was to constrain these equations
such that they provided reasonable predictions even when
they extrapolated beyond the range of the data. The proce-
dures involved (1) determining a maximum diameter for a
given tree density, (2) determining a maximum mortality
rate, (3) deriving a tree survival function, and (4) deriving a
diameter growth function.

The Maximum Size-Density Curve
Reineke’s relationship between quadratic mean diameter

(or stand diameter) and tree density [Equation (l)] can be
rewritten as

Q, = b, N9. (2)

where
Q, = Reineke’s maximum stand diameter (in cm),

N = number of trees per hectare, and

b,  = l/(-1.605) = -0.623.

We propose a new relationship:

Q,,,  = Q,  11  - exp  (b3 Nb4  )I (3)

o r

Q, = bl Nmo.623  [l - exp (b3  Nb4 )I, (4)

Table 1. Summary statistics for the fit and validation data sets from direct-seeded slash pine stands.

Variable
Age (vr)

Fit dataset Validation dataset
N Mean Min Max N Mean Min Max

308 1 6 8 28 307 16 8 28
1  . _  I

Trees/ha
Basal area (m2/ha)
Quadratic mean diameter (cm)
Site index (m) at base 2.5age yr

308 2,694 445 11,861 307 2,827 494 12,108
308 23.79 2.56 52.65 307 23.53 3.28 47.81
308 11.80 3.97 24.30 307 11.83 3.79 23.61

74 18.4 8.5 22.7 73 18.4 8.8 22.9
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where Q, is the maximum stand diameter at tree density N.
The value of the expression within the square bracket
above ranges from 0 to 1 for negative values of b,. The
values for Q, and Q, are similar for large N, but Q, will
gradually break away from Q,. as N decreases. The result
is the self-thinning curve shown in Figure 1.

Maximum Mortalily
Future tree density at time i + 1, Ni+t, is limited between

two extremes: (a) no mortality, i.e. Ni+, = Ni, when the stand
is far from the self-thinning curve, suffering from little or no
competition, and (b) maximum mortality when the stand is
near the self-thinning curve, i.e., Ni+t  = N, i+l, where N,,,  i+l
is the lower limit for stand survival at time i + 1 undergoing
maximum mortality. This lower limit can be modeled using
Pienaar and Shiver’s (198 1) survival equation:

Nm,  i+l = Ni exp [ bs (ti+lb6 - tib6)], t-3

w h e r e

ti = stand age in years at  t ime i, and

ti+l = l+ti

Survival  Function
Future tree density is the weighted average of the two

limits  mentioned above.  The weight ing factor,pN,  is  between
0 (no mortality) and 1 (maximum mortality):

Ni+l  = (1 - PN) Ni + P  Nm,  i+l (6)

o r

Ni+l = Ni - (Ni - N,n,  i+r)pN, (7)

w h e r e

p/V =1/(1+exptb7ti+bs(Q,,i-&i)l},

Qi = stand diameter at time i, and

Q - maximum stand diameter at time i.m,i -

The logistic equation form was used here to constrain
predicted values ofpN between 0 and 1. Appropriate respec-
tive signs for the coefficients (negative b, and positive bs)
assure logical  predictions for pN. For a  young s tand (small  ti)
far from the self-thinning curve (Qi is  very small  compared to
Q, i), value of pN is small (little mortality). As the stand
matures and approaches the self-thinning curve,pNincreases,
resulting in a higher mortality rate. Value ofp, approaches 1
(maximum mortality) for very old stands.

Diameter  Growth Funct ion
Diameter  growth is  constrained such that  future stand diam-
eter is bounded by the maximum stand diameter computed
from Equation (4) for future stand survival. As the stand
grows older, it will approach the self-thinning curve. One
way to model this behavior was to let  the difference between
Q, and Qi decrease over time:

Qm,  i+l - Qi+l =  PQ <Qm,  i - Qi>*

or

Qi+l = Qm,  i+l - PQ <Qm,  i - Qih (9)

where

PQ  = 1 / [l + exp (b, tp)].

A modified form of the logistic equation was used to
constrain predicted values of pQ between 0 and 1. With
appropriate respective signs for the coefficients (negative b9
and positive b,,), logical predictions forpQ are assured. For
a young stand (small ti) the predicted value for pQ is small,
resulting in a large increase in stand diameter.

When a stand reaches the self-thinning curve (Qi = Q,,J,
the future stand diameter from Equation (8) is Q,,, = Q,, i+l.
The stand will follow the self-thinning curve.

Results and Discussion
Fitting  Equations

The fit data set was used to estimate parameters in the
system of equations developed above (Table 2).  Equation (4)
to describe maximum stand diameter was fitted to 32 obser-
vations that were located near the size-density boundary.
Since approximately half  of  the points  were above the result-
ing curve, and the rest was below the curve, i t  was necessary
to move the curve up vert ical ly so that  i t  was posi t ioned above
all  data points  to represent  the l imit ing boundary curve.  This
was accomplished by fixing parameter b, at 2500 while
keeping the parameter estimates for b, and 6, intact.

The equation to predict  t ree densi ty undergoing maximum
mortality [Equation (5)] was fitted to 10% of the data that
contained highest  annual  mortal i ty rates.  Since Equations (7)
and (9) exhibit the reciprocal effects of stand diameter and
density, both equations were fitted simultaneously using
SAS procedure MODEL, option SUR (SAS Institute Inc.
1993).  The fi t t ing procedure followed the method suggested
by Borders (1989).

Evaluations of  the Model
The projection ability of the above system of equations

was evaluated by applying these equations to all possible
growth pairs in the validation data. For example, if a stand
was measured at ages 18,23,  and 28, there was a total of three
growth pairs: 18-23,18-28,  and 23-28. Box plots of percent-
age difference for projections of trees per hectare and stand
diameter are presented in Figures (3a) and (3b), respectively.

Percent error had a higher standard deviation and larger
range for stand density than for stand diameter.  Stand density
projection was part icularly difficult  because the size-density
trajectories at younger ages varied from near vertical (low
mortal i ty rate)  for  some plots  to s loped (higher mortal i ty rate)
for others. The projection differences did not exhibit any
noticeable trends for both stand density and stand diameter
(Figure 3).  Good results  were obtained from projections up to
11 yr in length. The longer projection lengths (12 yr and
above) showed deteriorating results as expected. Overall,
accuracy and precision of the projections appeared stable
across the project ion lengths.
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Table 2. Parameter estimates for the system of diameter growth and tree survival equations.

Equation n R2 S.“.X Parameter Estimate Asymptotic standard error
(4) 32 0.984 0.57 4 2,304.53570 103.62430

2 -0.01719 0.59891 0.00654 0.06503
(5) 2 3 0.976 223.31 4 -0.19492 0.08216

b6 0.86259 0.10920
(7) 234 0.923 452.90 b, -0.03606 0.00859

4 0.22151 0.04082
(9) 234 0.956 0.79 b9 -0.92885 0.43884

b 10 0.37493 0.18449

F i n a l  e q u a t i o n s :

0, = 2500 h’40.623  [l  - e x p (-0.01719 N”.5ssg’)1 (4 )

N,. j+,  = Nj fXp [ -0.19492 (ti+l"'6625g  - ti0~*625g)1 (5 )

N~+I  = Ni  - (f$  - N,.  i+q)  I{1  + exp WI.03606 ti + 0.22151 (0,.  1 - a,)]} (7 )

Qi+l  = %.i+l - P O  Qn,i - Q)s

where

p.  = 1 I [l  + exp (-0.92685 tP.374g3)l
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Figure3. Percent error for projections of (a) trees per hectare, and
(b) quadratic mean diameter, applied to ail possible growth pairs
in the validation data of direct-seeded slash pine stands. The
horizontal bars represent the lOth, 25th. 5Oth,  75th, and 90th
percentiles, respectively. The circles represent data outside of
the range bounded by the 10th and 90th percentiles. Percent
error is defined as 100 (actual-predicted) / actual.

(9)

Size-Density Trajectories
Projections of stand diameter and density were performed

for five hypothetical stands having initial quadratic mean
diameter of 2 cm and initial densities varying from 1,000 to
13,000 trees/ha at age 5. These stands were simulated from
age 5 to age 70 (Figure 4). The stands follow vertical
trajectories at young ages, indicating that the trees increase
their sizes with little mortality from competition. As they
grow older, competition sets in, mortality occurs, and the
curves start to approach and follow the self-thinning curve.

As the self-thinning curve progressively departs from
Reineke’s size-density line, stand basal area increases with
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Figure 4. Stand diameter-stand density trajectory from age 5 to
age 70for direct-seeded slash pine stands having initial quadratic
mean diameter of 2 cm and initial densities of 1,000,4,000,7,000,
10,000. and 13,000 trees/ha at age 5.
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age, reaches a maximum and then decreases. This pattern was
consistent with trends observed in some empirical growth
and yield models for slash pine plantations (e.g., Dell et al.
1979, Zarnoch et  al .  1991) and loblolly pine plantations (e.g. ,
Amateis et al. 1984, Baldwin and Feduccia 1987).

Summary and Conclusion

In this article, we assumed that the relationship between
quadratic mean diameter and tree density was curvilinear on
a log-log scale. Remeasurement data from direct-seeded
slash pine s tands provided evidence to support  this  assump-
tion and just ify the existence of  the self- thinning curve.  This
curve is very close to Reineke’s self-thinning line for high
density levels, but it turned away from the self-thinning line
as tree density decreased. The slope (or tangent) of the self-
thinning curve appeared to be a function of tree density.  The
value of the slope varied with the range of stand densit ies in
the data.  This might explain why researchers reported differ-
ent slopes of the self-thinning line for the same species.

A system of equations was developed based on the
above theory. The self-thinning curve is a collection of
maximum attainable stand diameters at various levels of
tree density. Future tree density prediction is bounded by
a lower limit set by maximum mortality. Diameter growth
is also constrained such that future stand diameter is below
the maximum stand diameter. The resulting model pro-
vided reasonable projections of stand diameter and den-
sity of  direct-seeded slash pine stands in Louisiana through
time. Since the model was constrained according to the
self-thinning rule, it should provide reliable predictions
for combinations of age, size, and density that occur
outside of the range of the current data.
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