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Theory of Games and Applicat ions 
i n  Fo res t ry  

Bence F, Swindel,  P r o j e c t  Leader 
I n t e n s i v e  ihnagement P r a c t i c e s  

Assessment Center  
G a i n c s v i l l e ,  F l o r i d a  

I, In t roduct ion  and Theore t i ca l  Aspects 

1.0, Game Theory i n  Fo res t ry  
The t h e o r y  of gdmes of s t r a t e g y  de- 

r i v e s  from von Neumann and kjorgenstern 
( 1944) , T h e i r  book was g r e e t e d  w i t h  
c o n s i d e r a b l e  enthusiasm by m i l i t a r y  
s t u a t e g i s  ts , economis ts , and o t h e r s .  
The e l e g a n c e  of their development of t h e  
t h e o r y  i s  much admired,  S t i l l ,  s u b s t a n -  
t i v e  a p p l i c a t i o n s  w i t h i n  f o r e s t r y  and 
o t h e r  n a t u r a l  r e s o u r c e s  f i e l d s  have been 
r a r e .  The r o o t  cduse  of t h i s  p a u c i t y  of 
a p p l i c a t i o n s  is  n o t  c l e a r ,  S u r e l y  t h e  
t h e o r y  is l i t t l e  known t o  f o r e s t  man- 
a g e r s  and decis ionmakers .  A l l  t h i s  
s u g g e s t s  t h a t  an  e x p o s i t i o n  of game 
t h e o r y  f o r  n a t u r a l  r e s o u r c e s  managers 
cou ld  encourage a p p l i c a t i o n  of t h e  t cch-  
n i q u e s  i n  s o l v i n g  r e a l  problems. Yence 
t h i s  paper .  Aside from t h a t ,  t h e  t h e o r y  
h a s  an i n t r i n s i c  beau ty  and s t u d y  of 
such ahs  t r a c t i o n s ,  a s  of mathematics 
g e n e r a l l y ,  i n c u l c a t e s  l o f  t y  hah i  t s  of 
mind, 

There  a r e  very  obvious  l i m i t a t i o n s  t o  
t h e  appl ica l2i  li t y  of game t h e o r y ,  Thus, 
two-person, cons t a n t - s u n  games assume 
two knowledgeable and s e l f i s h  adver-  
s a r i e s  wi th  opposed i n t e r e s t s .  C l e a r l y ,  
t h e  a d v e r s a r i e s  can he two peop le ,  b u t  
need n o t  be. They can a s  w e l l  be two 
a g e n c i e s ,  two companies, two c o a l i t i o n s ,  
4x0 armies .  A l l  t h a t  is  r e q u i r e d  is  
t h a t  i n d i v i d u a l s  i n  each group s h a r e ,  s o  
f a r  a s  the game be ing  p layed  is  eon- 
c e r n e d ,  a common i n t e r e s t  , 

The i n t e r e s t s  must be s t r i c t l y  opposed. 
One p l a y e r ' s  g a i n  is  t h e  o t h e r ' s  l o s s .  
Each is assumed knowledgeable of a l l  
o p t i o n s  and t h e i r  consequences.  Each is  
expec ted  t o  t r y  t o  maximize h i s  own 
g a i n ,  implying he s e e k s  t o  maximize h i s  
opponen t ' s  l o s s ,  Such s i t u a t i o n s  must 
be r a r e  w i t h i n  a  s i n g l e  o r g a n i z a t i o n  

wit11 a  u n i t e d  purpose .  Thus, w i t h i n  a 
cornpany o r  agency managing land f o r  
p r o f i t  o r  p u b l i c  good, it appears  t h a t  
o p p o r t u n i t i e s  f o r  s t r ic t  a p p l i c a b i l i t y  
of  t h i s  t h e o r y  a s  a  guide  t o  r a t i o n a l  
behav io r  a r e  indeed r a r e ,  Even between 
companies w i t h i n  an i n d u s t r y  o r  be tween 
depar tments  w i t h i n  an agency,  compel l ing 
examples of complete antagoriissn do n o t  
r e a d i l y  come t o  mind i n  p r o f u s e  
abundance,  

S t i l l ,  t h e r e  a r e  i n s t a n c e s  of conf l i c -  
t i n g  s i t u a t i o n s  t h a t  can  be d e s c r i b e d  
fundarnenta l ly  a s  a  game of s t r a t e g y  be- 
tween two o r  lnore a d v e r s a r i e s ,  The 
i n s i g h t  p rov ided  by t h e  game t h e o r e t i c  
f o r m u l a t i o n  and s o l u t i o n  can be a  h e l p -  
f u l  guide  t o  choosing,  p r e d i c t i n g ,  o r  
u n d e r s t a n d i n g  r a t i o n a l  behav io r  i n  such 
circumstances . A few examples t h a t  may 
be  s u g g e s t i v e  of many a r e  g iven  i n  511. 
Those a r e  n e c e s s a r i l y  much s i m p l i f i e d  i n  
o r d e r  t o  t r e a t  them i n  t h e  space  a l l o t -  
t e d  and s o  t h a t  t h e  t e c h n i c p e s  of prob- 
l e m  s o l v i n g  may n o t  be l o s t  i n  t h e  
c o m p l e x i t i e s  of more r e a l i s  t i c  
s i t u a t i o n s .  

I n  o r d e r  t h a t  t h e  t h e o r y  may n o t  seem 
t r i v a l ,  w e  now a t t e m p t  t o  show t h a t  t h e  
l o g i c  of game t h e o r e t i c  a b s t r a c t i o n s  has  
profound i m p l i c a t i o n s  f o r  l a r g e  problems 
( a s  s e l l  a s  d e l i g h t f u l  i n p l i c a t i o n s  f o r  
s m a l l  o n e s ) .  To do s o  w e  e x t r a c t  f r e e l y  
from G a r r e t t  Hardin ( 1  968) , Hard in ' s  
t h e s i s  was t h a t  t h e  world p o p u l a t i o n  
problem h a s  no t e c h n i c a l  s o l u t i o n  h u t  
r e q u i r e s  r a t h e r  a  fundamental  e x t e n s i o n  
o f  m o r a l i t y .  Some of h i s  a n a l y s e s  a r e  
used o u t  of t h a t  con tex t - - s ince  t h e y  
a p p l y  e q u a l l y  t o  t h e  one we c o n s i d e r .  

With r e g a r d  tc:, some of i ts  a t t r i b u t e s ,  
t h e  f o r e s t s  of a n a t i o n  a r e  o f t e n  con- 
c e i v e d  as a  commons, The i r  beauty  and 
p r o t e c t i v e  i n f  iuence  over  water  and 
w i l d l i f e  r e s o u r c e s  a r e  though t  of a s  a 
n a t u r a l  r e s o u r c e ,  Coricerned c i t i z e n s  
f r e q u e n t l y  e x p r e s s  an  i n t e r e s t  i n  t h e  
c o n s e r v a t i o n  of t h e s e  r e s o u r c e s  and 
sometimes o b j e c t  t o  mnagement measures 
implemented t o  a c h i e v e  t h e  immediate 
o b j e c t i v e s  of t h e  landowner. 

I n  Hardin ' s words : 
"The t r a g e d y  of t h e  commons deve lops  

i n  t h i s  way, P i c t u r e  a  p a s t u r e  open t o  
a l l .  I t  is t o  be expec ted  t h d t  each  
herdsman w i l l  t r y  t o  keep as many c a t t l e  



a s  p o s s i b l e  on t h e  commons. Such an  
a r r a n g e m e n t  m y  work r e a s o n a b l y  s a t i s f a c -  
t o r i l y  f o r  c e n t u r i e s  because  t r i b a l  
war s ,  gmaching, and d i s e a s e  k e e p  t h e  
numbers of ' m t h  man and b e a s t  %sell helow 
t h e  c a r r y i n g  c a p a c i t y  of  t h e  l a n d ,  
F i n a l l y ,  however, comes t h e  day of 
reckonf  ng, t h d t  is, t h e  day  when the 
l o n g - d e s i r e d  g o a l  of s o c i a l  s t a b i l i t y  
becorner; a r e a l i t y .  A t  t h i s  p o i n t ,  the 
i n h e r e n t  l o g i c  of the coinmons remorse-  
l e s s l y  g e n e r a t e s  t r a g e d y .  

"As a  r a t i o n a l  be ing ,  e a c h  herdsman 
s e e k s  t o  raaximize h i s  g a i n ,  E x p l i c i t l y  
D r  i m p l i c i t l y ,  more o r  Less c o n s c i o u s l y ,  
h e  a s k s ,  'What i s  t h e  a t i l i t y  to m e  of 
a d d i n g  one  ;ixore a n i m a l  tf) my herd?' 
T h i s  u t i l i t y  h a s  one n e g a t i v e  and one 
pos  i t i v e  component. 

( 1 f The p c s i t i v e  component is  a 
f u n c t i o n  of  t h e  i n c r e m e n t  o f  one anitrtal . 
S i n c e  t h e  herdsman r e c e i v e s  a l l  t h e  
proceecJls from t h e  s a l e  o f  t h e  c t d d i t i o n a l  
a n i m a l ,  t h e  p o s i t i v e  u t i l i t y  is n e a r l y  + I ,  

( 2 )  The n e g a t i v e  component is  a  
f u n c t i o n  of t h e  a d d i t i o n a l  o v e r g r a z i n g  
c r e a t e d  by one more a n i m a l .  S f  n c e ,  how- 
e v e r ,  t h e  e f f e c t s  of o v e r g r a z i n g  a r e  
s h a r e d  by a l l  t h e  herdsmen,  t h e  n e g a t i v e  
u t i l i t y  of  any  p a r t i c u l a r  dec is ion-making 
herdsman is  o n l y  a  f r a c t i o n  of -1 .  

"Adding t o g e t h e r  t h e  component p a r t i a l  
rz t i l i t ies ,  t h e  r a t i o n a l  herdsman 
c o n c l u d e s  t h a t  t h e  o n l y  s e n s i b l e  c o a r s e  
f o r  him t o  p u r s u e  is  t o  add a n o t h e r  
a n i m a l  t o  h i s  h e r d .  And a n o t h e r ;  and 
a n o t h e r . . . .  Rut  t h i s  is  t h e  c o n c l u s i o n  
r e a c h e d  by each  and e v e r y  r a t i o n a l  
herdsman s h a r i n g  a cornmons. T h e r e i n  i s  
t h e  t r a g e d y .  Each man i s  locked  i n t o  a  
s y s t e m  t h a t  compels  him t o  i n c r e a s e  h i s  
h e r d  w i t h o u t  l i m i t - - i n  a wor ld  t h a t  is 
l i m i t e d .  Ruin is t h e  d e s t i n a t i o n  toward 
which a l l  men r u s h ,  e a c h  p u r s u i n g  h i s  
own b e s t  i n t e r e s t  i n  a  s o c i e t y  t h a t  
b e l i e v e s  i n  t h e  freedom of t h e  cornmons, 
Freedorn in a  cornmons b r i n g s  r ~ i n  t o  
a l l  Ii 

Do t h e s e  c o n c e p t s  of a cons tant -sum 
game, and t h e  t r a g i c  i m p l i c a t i o n s  of 
dominated  s t r a t e g i e s  s o  g r a p h i c a l l y  
d e s c r i b e d ,  have any  ana logous  i m p l i c a -  
t i o n s  i n  t h e  colnplex problems of  formu- 
l a t i o n  of f o r e s t  r e s o u r c e s  management 
p o l i c y ?  Hardin  h imse l f  g i v e s  h o t h  a  
s p e c i f i c  and g e n e r a l  i l l u s t r a t i o n  ::hat 
e s t a b l i s h e s  t h e  a f f i r m a t i v e .  

"The N a t i o n a l  P a r k s  p r e s e n t  a n o t h e r  
i n s t a n c e  of t h e  working  o u t  of t h e  t r a g -  
edy  of the  commons, A t  p r e s e n t ,  t h e y  
a r e  open t o  a l l ,  w i t h o u t  L i m i t .  The 
parks Elernselves a r e  l i m i t e d  i n  e x t e n t - -  
there is only one Yosemite Valley--  
whereas p o p u l a t i o n  seems t o  grow w i t h o u t  
l i m i t ,  The va l~les  thctt v i s i t o r s  s e e k  i n  
t h e  parks are s t e a d i l y  e roded .  P l a i n l y ,  
we must soon c e a s e  t o  t r e a t  ti le p a r k s  as 
commons or t h e y  w i l l  he of no va lue  t o  
anyone.  

"What s h a l l  we do? We have  s e v e r a l  
o p t i o n s *  W e  m igh t  s e l l  them o f f  as p r i -  
v a t e  p r o p e r t y .  We n i g h t  keep  them as 
p u b l i c  p r o p e r t y ,  b u t  a l l o c a t e  t h e  r i g h t  
t o  e n t e r  tllem. The a l l o c a t i o n  might  he  
on t h e  b a s i s  of w e a l t h ,  by t h e  a s e  of a n  
a u c t i o n  sys t em.  I t  n i g h t  he on t h e  
b a s i s  of merit, as d e f i n e d  by some 
agreed-upon s t a n d a r d s .  I t  might  be by 
l o t t e r y ,  O r  i t  rnight he on a  f i r s t - c o m e ,  
f i r s  t - s e r v e d  b a s i s ,  a d m i n i s t e r e d  t o  l o n g  
queues. These ,  T t h i n k ,  a r e  a l l  the 
r e a s o n a b l e  p o s s i b i l i t i e s .  They a r e  a l l  
o b j e c t i o n a h l e .  Rut  we rctus t choose--or  
a c q u i e s c e  i n  t h e  d e s t r a c t i o n  of t h e  corn- 
mons t h a t  w e  c a l l  our ' I Ja t ional  Pa rks . .  . 
I n  a r z v e r s e  way, t h e  t r a g e d y  of  t h e  
commons r e a p p e a r s  i n  problems of p o l l u -  
t i o n ,  Here it is n o t  a q u e s t i o n  o f  
t d k i n g  someth ing  o u t  of t h e  commons, b u t  
o f  p u t t i n g  some th ing  in--sewage, o r  chem- 
i c a l ,  r a d i o a c t i v e ,  and h e a t  was t e s  i n t o  
w a t e r ;  nox ious  and dange rous  fumes i n t o  
t h e  a i r ;  and  d i s t r a c t i n g  and u n p l e a s a n t  
a d v e r t i s i n g  s i g n s  i n t o  t h e  l i n e  of 
s i g h t .  The c a l c u l a t i o n s  of u t i l i t y  are 
much t h e  same a s  b e f o r e ,  The r a t i o n a l  
man f i n d s  t h a t  h i s  s h a r e  of t h e  c o s t  of 
t h e  wastes he  d i s c h a r g e s  i n t o  t h e  com- 
mons is less t h a n  t h e  c o s t  of p u r i f y i n g  
h i s  wastes b e f o r e  r e l e a s i n g  them, S i n c e  
t h i s  is t r u e  f o r  eve ryone ,  w e  a r e  l ocked  
i n t o  a sys t em o f  ' f o u l i ~ g  o u r  own n e s t , '  
so l ong  as we  behave  o n l y  a s  independ-  
e n t ,  r a t i o n a l ,  f r e e - e n t e r p r i s e r s  ." 

Hardin  c o n c l u d e s  t h a t  t h e  s o l u t i o n  t o  
p r o d u c i n g  temperance  i n  the u s e  of a 
corninons r e s i d e s  i n  mutual  c o e r c i o n  
m u t u a l l y  a g r e e d  upon. I m p o r t a n t l y ,  h e  
r e ~ n a r k s  : 

"It is  wor th  n o t i n q  t h a t  t h e  m o r t a l i t y  
of  an a c t  c a n n o t  be de t e rmined  from a 
pho tograph .  One does  n o t  know whether  a 
man k i l l i n g  a n  e l e p h a n t  o r  s e t t i n g  f i r e  



t o  t h e  g r a s s l a n d  is h a r a i n g  o t h e r s  u n t i l  
one knows t h e  t o t a l  sys t em i n  which h i s  
a c t  a p p e a r s ,  'One p i c t u r e  is n o r t h  d 
t housand  words , '  s a i d  an  a n c i e n t  Ch inese ;  
b u t  i t  may t a k e  10 ,000  words t o  v a l i d a t e  
i t ,  I t  is as tempting to  e c o l o g i s t s  as 
it is to r e f o r m e r s  i n  g e n e r a l  tr> t r y  t o  
p e r s u a d e  o t h e r s  by way of t h e  photograph-  
i c  s h o r t c u t ,  But  t h e  e s s e n c e  of a n  
argurnent cdnnot- be photographed:  i t  
must be p r e s e n t e d  r a t i o n a l l y - - i n  words,"  
The c o m p e l l i n g  l o g i c  of the f o r e g o i n g  

a n a l y s i s  l e a d s  t o  t h e  coneLilsion t h a t  
p o l i c i e s  t o  p r o t e c t  f o r e s t  r e s o u r c e s  
w i l l  b e s t  r e l y  on mutual  c o e r c i o n  
mi l tda l ly  c o n e e i  ved from r e l i a b l e  e v i  - 
dence  c o n c e r n i n g  t h e  f  l ~ n c t i o n i  ng of t h e  
t o t a l  f o r e s t  e c o s y s  tem, A g a i ~  q u o t i n g  
Hardin ,  

" r e a c h i n g  an  a c c e p t a b l e  and s t a b l e  
s o l u t i o n  w i l l  s u r e l y  r e q u i r e  more t h a n  
one  g e n e r a t i o n  of h a r d  a n a l y t i c a l  work-- 
and much p e r s u a s i o n , "  
P e r s u a s i o n  and ag reemen t  depend on under-  
s t a n d i n g  t h e  a n a l y t i c a l  work-- inc luding  
t h e  t o o l s  of t h e  a n a l y s i s .  Occas ionaLly  
t h e  a p p r o p r i a t e  d n a l y t i c a l  t o o l  i s  t h e  
t h e o r y  of  games of  s t r a t e g y .  

1.1. Z e r o - S u m ,  T w o - P e r s o n  G a m e s  

The f o l l o w i n g  a b s t r a c t i o n  t a k e n  a s  a 
d e f i n i t i o n  of a  game of s t r a t e g y  w i l l  he 
s u f  E i c i e n t l y  g e n e r a l  Fi-)r ws t p u r p o s e s ,  
One of two p l a y e r s  i s  r e q u i r e d  t o  choose  
one among t h e  f i n i t e  set  of s t r a t e g i e s  

The second  p l a y e r  i s  r e q u i r e d  t o  choose  
one s t r a t e g y  frola t h e  f i n i t e  set  

Each p l a y e r  is aware of a l l  of h i s  own 
and a11 of h i s  o p p o n e n t ' s  a l t e r n a t i v e s ,  
b u t  mas t  choose  h i s  own s t r a t e g y  w i t h o u t  
b e n e f i t  of knowing h i s  o p p o n e n t ' s  
c h o i c e ,  Subsequen t  t o  a  c h o i c e  of s trat-  
egy ,  s a y  a i ,  by P l a y e r  I, and a c h o i c e  
o f  s t r a t e g y ,  s a y  h j  , by P l a y e r  11, 
P l a y e r  I1 is r e q u i r e d  t o  pay P l a y e r  I an 
amount ei ( ~ o s s i b l y  n e g a t i v e  ) . Such 
games are c a l l e d  two-person games f o r  
o b v i o u s  r e a s o n s  and zero-sum games s i n c e  
t h e  sum of t h e  winn ings  of t h e  two 

p l a y e r s  is z e r o ;  t h e r e  is no "house ,"  
C l e a r l y ,  zero-sum, two-person games are 
c h a r a c t e r i z e d  by t h e i r  payoff  m a t r i x  
which is known t o  b o t h  p l a y e r s ,  

P l a y e r  I1 S t r a t e g i e s  

b l  b 2  e e e  b j  e r n e  bn 

I t  is obv ious  t h a t  P l a y e r  I1 vrould 
l i k e  t o  choose  a s t r a t e g y  s o  t h a t  t h e  
payof f  (which is h i s  l o s s )  i s  as small 
a s  p o s s i b l e ,  But ,  t h e  payof f  depends  on 
t h e  s t r a t e g y  chosen  by P l a y e r  I. So, t h e  
q u e s t i o n  a r i s e s  a s  t o  whe the r  P l a y e r  I1 
h a s  a n  optimum s t r a t e g y .  And c o n v e r s e l y  
f o r  P l a y e r  I, who wishes  t o  make t h e  
p a y o f f  (which is h i s  g a i n )  a s  l a r g e  as 
p o s s i b l e ,  

I. 2. S t r i c t l y  D e t e r m i n e d  G a m e s  
I n  t h e  payof f  m a t r i x  f o r  c e r t a i n  games 

t h e r e  is a  p a y o f f ,  e i j  s a y ,  s i m u l t a n e o u s -  
l y  n o t  l a r g e r  t h a n  any payoff  i n  t h e  
same row, and n o t  smaller t h a n  any pay- 
o f f  i n  t h e  same column, Such payof f  s 
a r e  s a i d  t o  'oe a s a d d l e p o i n t ,  t h e  game 
i s  s a i d  t o  be s t r i c t l y  d e t e r m i n e d ,  and  
g i  j is  c a l l e d  t h e  v a l u e  of t h e  game . 

C o n s i d e r  t h e  i m p l i c a t i o n s  t o  t h e  two 
p l a y e r s  s h o u l d  t h e  payoff  m a t r i x  i n  $1.1 
c o n t a i n  a  s a d d l e p o i n t  a t  X i j e  ~ f  P l a y e r  
I t h e n  chooses  t h e  s t r d t e g y  a i ,  h e  g u a r -  
a n t e e s  h i m s e l f  a  payoff  ( g a i n )  of a t  
l e a s t  g i  j  --no matter what s t r a t e g y  
P l a y e r  11 chooses .  Conver se ly ,  i f  
P l a y e r  I1 chooses  t h e  s t r a t e g y  b j ,  h e  
g u a r a n t e e s  h imse l f  a payoff  ( l o s s )  of no 
more t h a n  g i  j . I n  t h i s  s i t u a t i o n ,  i t  is 
c l e a r  that n e i t h e r  p l a y e r  may, by any 
a l t e r n a t e  c h o i c e  of s t r a t e g y ,  hope t o  
o b t a i n  more f a v o r a b l e  r e s u l t s ,  P l a y e r  I 
c a n n o t  do better t h a n  choose  a i ,  which 
is  c a l l e d  a maximim p u r e  s t r a t e g y  and is  



optimum f o r  him, P l a y e r  I1 canno t  do 
b e t t e r  than choose h j ,  which is c a l l e d  a  
minimax pure  s t r a t e g y  and is  optimum f o r  
him. The payoff i s  then R i j  = v, s a y  
t h e  va lue  of t h e  game. 

I , 3 ,  Inadmissible Strategies  
I n  some payoff m a t r i c e s ,  a  s y s t e m a t i c  

s e a r c h  f o r  optimum s t r a t e g i e s  is  f a c i l i -  
t a t e d  by d e l e t i n g  c e r t a i n  rows and/or  
columns. In  t h e  payoff m a t r i x  of $ 1 ~ 1 ,  
suppose t h e  f i r s t  t ~ o  columns p o s s e s s  
t h e  p r o p e r t y :  

' i l  gi2, a 1 1  i = 1 ,  2, .. ., m, and 

R i l  > R i a l  some i = 1 ,  2,  ..,, m,  

i . e e l  i n  each row Lhe payoff i n  column 1 
i s  always a s  l a r g e  a s  t h e  payoff i n  
column 2--and sometimes l a r g e r ,  I n  t h a t  
cdse ,  choosing b2 i s  always a s  good as 
choosing hl  f o r  P l a y e r  11, and sometimes 
( f o r  c o u n t e r i n g  some c h o i c e s  of h i s  
opponent)  it is  b e t t e r .  P l a y e r  I1 can 
have no redson e v e r  t o  p r e f e r  s t r a t e g y  
h l  t o  b2, and h l  i s  s a i d  t o  be dorni- 
n a t e d  by b2.  Any s t r a t e g y  of e i t h e r  
p l a y e r  s o  dorninatt?d by an a l t e r n a t i v e  
s t r a t e g y  i s  s a i d  t o  be inadmissi l3le 
and may be d e l e t e d  from f u r t h e r  
c o n s i d e r a t i o n ,  

1 , 4 ,  Computations f o r  S t r i c t l y  Deter- 
mined Games 

The payoff m a t r i x  of $ 1 ~ 1  may be 
s y s t e m a t i c a l l y  examined t o  de te rmine  
whether it has a  s a d d l e p o i n t  o r  n o t  hy 
appending a  column (coinposed of t h e  r o w  
minima) and a  row (composed of t h e  
column maxima) as f o l l o w s ,  

1 P l a y e r  TI S t r a t e q i e s  I 

w 
ii min R 
a a 521  gZ2 ... 11 2n 
k j z j  

I f  t h e  maximurn of Lie e lements  i n  t h e  
appended column (i ,e ,, t h e  maximum of 
t h e  row minima) i s  e q u a l  t o  t h e  minimum 
of t h e  appended row (i ,e, ,  t h e  minimum 
of  t h e  colurnn maxima), then  t h e  game is 
s t r i c t l y  determined ( i . e . ,  t h e  payoff 
m a t r i x  has  a s a d d l e p o i n t ) ,  Moreover, 
any s t r a t e g y  of P l a y e r  I that xaxi~r t izes  
t h e  row ininima i s  a  maximin s t r a t e g y  and 
a n  optimun s t r a t e g y  f o r  him, Con- 
v e r s e l y ,  any s t r a t e g y  of P l a y e r  I1 t n a t  
minimizes t h e  column maxima i s  a  minimax 
s t r a t e g y  and an optimun s t r a t e g y  f o r  
him, F i n a l l y ,  t h e  va lue  of t'rle game is 

v = max min R = min max R , 
i j i j 

i j j i 

I t  may be noted t h a t  a payoff m a t r i x  
may have more than  one s a d d l e p o i n t ,  The 
payoff  i s  always v  a t  each of tilern. And, 
when e i t h e r  p l a y e r  has more than one 
optimum s t r a t e g y ,  he w i l l  he i n d i f f e r e n t  
he tueen  them s i n c e  each guaran tees  a  
payoff of v, 

I ,5, Hixed Strategies  
We have completed our  t h e o r e  t i c a l  

d e s c r i p t i o n  of s t r i c t l y  determined games 
of s t r a t e g y ,  Henceforth we are par- 
t i c u l a r l y  i n t e r e s t e d  i n  garnes wi th  
payoff  m a t r i c e s  where 

max min R < min max R 
i j  i j 

i j j i 



( t h e  o p p o s i t e  i n e q u a l i t y  is  a r i t h -  
m e t i c a l l y  i m p o s s i h l e ) .  From $1.4 it is 
obvious  t h a t  P l a y e r  I1 always has  a pure  
s t r a t e g y  kha t  e n s u r e s  h i s  Loss w i l l  he 
no g r e a t e r  than t h e  r ight-hand s i d e  of 
t h e  l a s t  i n e q u a l i t y ,  Analogous1 y ,  
P l a y e r  I has  a pure  s t r a t e g y  t i m t  
e n s u r e s  h i s  g a i n  w i l l  be no less than 
t l ie  l e f t -hand  s i d e ,  I n  $1.4 t h e s e  two 
y u a : l t i t i e s  were e q u a l ,  and d i s c o v e r y  of 
such s t r a t e g i e s  c o n s t i t u t e d  a s o l u t i o n  
of t h e  game, 

Now t h e  d i s p a r i t y  between t h e  two 
s i d e s  of the l a s t  i n e q u a l i t y  may be 

viewed ol3portunis t i c a l l y  by both  
players- - f  o r  it s u g g e s t s  t h e  p o s s i b i l i t y  
of i n c r e a s e d  g a i n  ( reduced  l o s s )  over  
t h a t  guaran teed  by t h e  maximin (minimax) 
p u r e  s t r a t e g y ,  The f t lnda~nenta l  theorem 
of  games a d d r e s s e s  this p o s s i b i l i t y  and 
p r o v i d e s  a d e f i n i t i v e  s o l u t i o n  f o r  each 
p l a y e r ,  I t  employs t h e  concep t s  of 
mixed s t r a t e g i e s  f o r  t h e  p l a y e r s  and  
expec ted  payoff i n  t h e  r e p e t i t i v e  p l a y  
of t h e  same game. 

Cons ide r  then t h a t  P l a y e r  I can e l e c t  
t o  choose among h i s  pure  s t r a t e g i e s ,  
a1 , w i t h  t h e  a i d  of a random d e v i c e ,  
Thus, wi th  such a  d e v i c e ,  he might 
choose s t r a t e g y  a1 w i t h  p r o b a b i l i t y  
p l ;  a 2  w i t h  p r o b a b i l i t y  p2, .,., 
and s t r a t e g y  a, wi th  p r o b a b i l i t y  p, 
where: 

m . 
O <  pi, i = I ,  2, , m; and 1 = C Pi 

i = l  

(For  example, i f  i n  each p l a y  of a  cer- 
t a i n  garne, P l a y e r  I has  on ly  two pure  
s t r a t e g i e s ,  a l  and a2, and he chooses 
a1 i f  t h e  f l i p p i n g  of a  ( f a i r )  c o i n  
shows heads ,  and he chooses a 2  i f  t h e  
c o i n  shows t a i l s ,  then  m = 2 and p1 = 

P2 = l/2* Choice of a  p a r t i c u l a r  set  of 
p r o b a b i l i t i e s  

c o n s t i t u e s  cho ice  of a  mixed s t r a t e g y  by 
P l a y e r  I ,  The set  of a l l  mixed s t r a t e -  
g i e s  a v a i l a b l e  t o  P l a y e r  I is  t h e  set  of 
a l l  I xm v e c t o r s ,  such a s  - p  above, where 
t h e  e lements  of - p  a r e  nonnegat ive  and 
sum t o  one , 

Analogously,  P l a y e r  I1 could  choose 
among h i s  pure  s t r a t e g i e s ,  bl , b2, -, 
bn, with  p r o b a b i l i t i e s  

i ,e,, he could choose a mixed s t r a t e g y  
by e l e c t i n g  one among a l l  lxn v e c t o r s  
whose e l e a e n t s  a r e  nonnegat ive  and sum 
t o  one ,  

I, 6 .  Expected Payoff 
Given a p a r t i c u l a r  cho ice  of a  mixed 

s t r a t e g y ,  - p, by P l a y e r  I, and a p a r -  
titular cho ice  of a  mixed s t r a t e g y ,  q, 
by P l a y e r  11, it is  a  s imple  computat ion 
t o  f i n d  t h e  expec ted  payoff i n  a  long  
s e r i e s  of r e p e t i t i o n s  of a zero-sum, 
two-person game, For t h e  expected 
payof f  is t h e  sum over  a l l  p r o s p e c t i v e  
p a y o f f s  of t h e  p r o d u c t  of t h e  payoff and 
i t s  p r o b a b i l i t y  of o c c u r r e n c e ,  C l e a r l y  
t h e  p r o b a b i l i t y  of dny payoff i n  t h e  
payoff  m a t r i x ,  s a y  X i j l  i s  

s i n c e  k i j  i s  r e a l i z e d  i f  and on ly  i f  
P l a y e r  I chooses h i s  s t r a t e g y  a i  (which 
h e  does wi th  p robab i  l i t y  pi ) , and P l a y e r  
I1 chooses h i s  s t r a t e g y  b j  (which he 
does  wi th  p r o b a b i l i t y  q, ) , and s i n c e  
($1.1) cho ice  by each p l a y e r  is  made i n  
t h e  dhsenee of knowledge, and t h e r e f o r e  
independen t ly ,  of h i s  opponen t ' s  c h o i c e .  
Thus, g iven  2 and - q ,  t h e  expected payoff  
i s  

where - q4n,l i s  t h e  m a t r i x  t r a n s p o s e  of 
%lxnr  L = &,, is  t h e  payoff m a t r i x ,  and 

2 L q, is  s imply t h e  m a t r i x  p r o d u c t  

which is a  s c a l a r ,  i . e . ,  one number. 



I,7, The m d a m e n t a l  Theorem 
The fundamental  theorern of games of 

s t r a t e g y  given by John von Neuaann 
e s t a b l i s h e d  t h a t  f o r  e v e r y  payoff m a t r i x  
L 

max min p L q* - 
p  s - 

and 

min max p L 3" - 
s P - 

b o t h  e x i s t  and they  a r e  e q u a l .  T h e i r  
cornmon va lue ,  s a y  V, is  c a l l e d  t h e  value  
o f  t h e  game, S t a t e d  a n o t h e r  uay, t h e  
theorern e s t a b l i s h e s  t h a t  i n  any zerr>- 
sum, two-person game P l a y e r  I has  a  
s t r a t e g y ,  p*, among h i s  s t r a t e g i e s  p ,  - 
and player-11 has a  s t r a t e g y ,  - q*, among 
h i s  s t r a t e g i e s  q ,  such t h a t  - 

Thus, frorn t h e  l e f t  i n e q u a l i t y ,  P l a y e r  
I1 has  a s t r a t e g y ,  q*, t h a t  cjuarantees 
t h a t  h i s  expected loss w i l l  n o t  exceed V 
no m a t t e r  what s t r a t e g y  P l a y e r  I 
chooses .  And, f rorn t h e  r i g h t  i n e q u a l i t y ,  
P l a y e r  I has a  s t r a t e g y ,  p*, t h a t  
g u a r a n t e e s  t h a t  h i s  expected g a i n  w i l l  
be a t  l e a s t  V no m a t t e r  what s t r a t e g y  
P l a y e r  I1 chooses .  S i n c e  n e i t h e r  
p l a y e r ,  by a l t e r n a t i v e  cho ice  of s t r a t -  
egy,  can improve h i s  p r o s p e c t s ,  each may 
a s  w e l l  choose p* and q * ,  r e s p e c t i v e l y ,  
s o  a s  t o  a c h i e v g  V i n  The long run: p* - 
i s  a  maximin mixed s t r a t e g y  and optimun 
f o r  P l a y e r  I; q* i s  a  minimax mixed 
s t r a t e g y  and optimum f o r  P l a y e r  11. 

I t  should  he observed t h a t  t h e  cho ice  
of a pure  s t r a t e g y ,  a i l  by P l a y e r  I ,  
i . e e l  t h e  c e r t a i n  cho ice  of a i  can he 
d e s c r i b e d  as t h e  cho ice  of t h e  mixed 
s t r a t e g y  wi th  p i  = 1  and pic = 0 ,  where 
k f i. And, s i m i l a r l y ,  t h e  cho ice  of 
t h e  pure  s t r a t e g y ,  b j  , by P l a y e r  I1 can 
be  d e s c r i b e d  a s  the  cho ice  of t h e  mixed 
s t r a t e g y  where a l l  e lements  a r e  z e r o  
e x c e p t  f o r  one i n  t h e  jth p o s i t i o n .  

When t h e  payoff ina t r ix  has  a  s a d d l e -  
p o i n t ,  t h e  maximin pure  s t r a t e g y  s a t i s -  
f  ies t h e  d e f i n i n g  p r o p e r t y  of p*, t h e  
optimun mixed s t r a t e g y  f o r  p l a y e r  I, and 
t h e  minimax pure  s t r a t e g y  s a t i s f i e s  t h e  

d e f i n i n g  p r o p e r t y  of - y*, t h e  optimum 

mixeci s t r a t e g y  f o r  P l a y e r  11. 

I ,8 ,  Pilention of Other Games 
Extensions i n  s e v e r a l  (liree t i o n s  of 

t h e  theory  of tile p reced ing  s e c t i o n s  
have been a t t empted .  Some of them w i l l  
now be b r i e f l y  reviewed. 

Games i n v o l v i n g  t h r e e  pe r sons ,  f o u r  
p e r s o n s ,  and i n  g e n e r a l  many pe rsons  
have been f o r m a l l y  cons ide red .  Yere 
we w i l l  c o n f i n e  o u r s e l v e s  t o  q u o t i n g  a  
s i n g l e  paragraph frorn Dorfrnan and  o t h e r s  
( 1 9 5 8 ) :  

"The theory  of inany-person qarnes i n  
t h e  hands of von Neumann and Moryenstern 
i s  e s s e n t i a l l y  a  t h e o r y  of c o a l i t i o n s ,  
t h e i r  fo rmat ion  and r e v i s i o n .  The 
u n d e r l y i n g  i d e a  is t h a t  two pe rsons  i n  
such a s i t u a t i o n  canno t  do worse by 
a c t i n g  j o i n t l y  than by a c t i n g  s e v e r a l l y ,  
and nay do better. Thus a many-person 
game tends  t o  he reduced t o  a  
two- 'person ' g a m e  i n  which each ' pe r son  ' 
i s  a c o a l i t i o n .  The problems then 
become: which c o a l i t i o n s  w i l l  form and 
how w i l l  t h e  winnings be d i v i d e d  among 
t h e  meinbers of t h e  c o a l i t i o n ?  To pursue  
t h e  answers proposed f o r  t h e s e  q u e s t i o n s  
would l e a d  us i n t o  a  s p e c i a l i z e d  
d i s c u s s i o n ,  and s i n c e  t h e s e  answers a r e  
n o t  very  s a t i s f a c t o r y  we r e f  r a i n .  " 

Extending t h e  r e s u l t s  of zero-sum 
games t o  constant-sum games i s  easy.  
Indeed,  i n  some e lementa ry  e x p o s i t i o n s  
t h e  b a s i c  theory  is  p r e s e n t e d  on t h e  
b a s i s  of t h e  assumpt ion t h a t  t h e  sum of 
t h e  winnings of the  two p l a y e r s  is 
always a  c o n s t a n t ,  say  R e  W e  have t a k e n  
R t o  be z e r o  f o r  convenience ,  

F u r t h e r  e x t e n s i o n  t o  non-cons t a n  t-sum 
games is much more d i f f i c u l t .  When one 
p l a y e r ' s  g a i n  is n o t  n e c e s s a r i l y  the 
o t h e r ' s  l o s s ,  t h e r e  is t h e  p o s s i b i l i t y  
of  i n c r e a s e d  g a i n  by both  p l a y e r s  
through cc3llusion and c o o p e r a t i o n ,  
U n f o r t u n a t e l y ,  a s  McKinsey (1952) 
o b s e r v e s  : 

"Desp i t e  t h e  g r e a t  importdnce of 
g e n e r a l  games f o r  t h e  s o c i a l  s c i e n c e s ,  
t h e r e  is  n o t  a v a i l a b l e  s o  far any t r e a t -  
ment of such games which can be regarded  
a s  even reasonab ly  s a t i s f a c t o r y . "  



1.9.  Decision Theory 
One a p p l i c a t i o n  of t h e  t h e o r y  of  

zero-sum, t l ~ o - p e r s o n  games e n v i s i o n s  a 
game of  s t r a t e g y  betageen a d e c i s i o n m a k e r  
and  " n a t u r e , "  Some i n o d i f i c a t i o n  of t%e 
p r e c e d i n g  arguments  is r e q u i r e d ,  and 
t h e r e  i s  c o t l s i d e r b l e  c o n t r o v e r s y ,  
Moreorier, ever1 a c u r s o r y  r ev iew of  t h e  
s u b j e c t  would r e q u i r e  a t r e a  t ;nent  corn- 
p a r a b l e  i n  s i z e  t o  t h a t  g i v e n  I ~ e r e  t o  
garnes of c o r l f l i c t  bet*dnreen s e l f i s h  oppo- 
n e n t s .  S t i l l ,  t h i s  i m p o r t a n t  3 u h j e c t  
must  be ment ioned,  

So,  we now c o n s i d e r  b r i e f l y  t h a t  t h e  
a b s t r a c t i o n  of 51.1 i s  sometimes used  
t o  d e s c r i b e  t h e  s i t u a t i o n  of a d e c i s i o n -  
maker ( P l a y e r  1 1 )  " i n  t h e  real wor ld"  
conf  rorlterl w i t h  c h o o s i n g  arnong d e c i s i o n s  
o r  a c t i o n s ,  bl , b2, " a , b q  In t h e  
n a t u r a l  r z s o u r c e s  f i e l d ,  t h e  s e t s  of  
a c t i o n s  c o n f r o n t i n g  v a r i o u s  d e c i s i o n -  
makers d r e  as d i v e r s e  as one can  
imag ine .  They mdy d e a l  w i t h  b u s i n e s s ,  
f o r e s t  management, p e r s o n n e l ,  s i l v i -  
c u l t u r e ,  e n g i n e e r i n g ,  and s e l e c t i o n ,  i t s  
ma in tenance  o r  deployment  of equipment .  
The l is t  goes  on ,  T y p i c a l l y ,  c h o i c e  of 
a  p a r t i c u l a r  d e c i s i o n  corninits one f o r  
t h e  f u t u r e ,  Even i f  it c30esnt t ,  t h e  
op t imux~  c h o i c e  of a c t i o n  is  t y p i c a l l y  
n o t  e v i d e n t  due t o  u n c e r t a i n t i e s  a b o u t  
m a r k e t s ,  economic c o n d i t i o n s  , r l a t ~ l r d l  
e v e n t s  such  a s  w e a t h e r  t o  be encoun- 
t e r e d ,  a c t i o n  or s t a t e  of b i o l o g i c a l  
a g e n t s ,  e t c ,  I n  any  e v e n t ,  it is 
p o s s i b l e  t o  e n v i s i o n  tile a p p l i c a ' i ~ i l i t y  
o f  t h e  materials of $1.1 t o  some of 
t h e s e  s i t u a t i r 3 n s  hy  tclking P l a y e r  I t o  
b e ,  f o r  l a c k  of a b e t t e r  d e s c r i p t o r ,  
" n a t u r e "  and t h e  s t r a t e g i e s  of "na t t l r e "  
t o  be t h e  v a r i o u s  e v e n t s  o r  c o n d i t i o n s  
t h d t  t h e  d e c i s  ionmaker may conf r a n t ,  
The p a y o f f ,  R i  j ,  hecoroes the c o s  t 
( p o s s i b l y  n e g a t i v e ,  i n d i c a t i n g  a n e t  
b e n e f i t )  of  t a k i n g  a c t i o n ,  hj, s h o u l d  
c o n d i t i o n  a i  m a t e r a l i z e ,  f l e a r l y ,  
P l a y e r  11 wishes  t o  choose  a n  a c t i o n ,  
h j ,  t o  ~ n i n i m i z e  h i s  c o s t s  (maximize h i s  
b e n e f i t s ) ,  Rut, in t h e  f o r m u l a t i o n  of 
$1.1, a s  i n  r e a l  l i f e ,  u n c e r t a i n t y  
a b o u t  t h e  c o n d i t i o n ,  ai_, t h d t  may p r e -  
v a i l  c r e a t e s  u n c e r t a i n t y  a b o u t  t h e  
d e s i r a b l e  a c t i o n ,  

NOW, a d i s p a r i t y ,  P r e v i o u s l y ,  P l a y e r  
I w a s  c o n s i d e r e d  t o  'be a n  i n t e l l i g e n t ,  
d e l i b e r a t i v e  opponen t ,  irlformed of  t h e  
payoff n a t r i x ,  and e x p e c t e d  t o  choose  a 
s t r a t e g y ,  a i r  t o  ntaximize P l a y e r  11 s 
l o s s .  "Natare , " ~ h e t % e r  d e n o t i n g  n e x t  
i~r3nth 's  v ~ e a t h e r ,  t b e  b i o l o g i c a l  a g e n t s  
a t  m r k  i n  a f o r e s t ,  o r  g e n e r a l  economic 
coi ld i  t i o n s  e x p e c t e d  f o r  t h e  n e x t  
q u a r t e r ,  can  'Ilard2y be c o n s t r u e d  as s o  
p e r v e r s e .  S t i l L ,  on o c c d s i o n ,  t%e min i -  
max s o l u t i o n  given by game t h e o r y  is  
recommended for d e c i s i o n n a k e r s  who 
s i m p l y  wish to  gua rd  a g a i r l s t  the v ~ o r s t  
c o n t i n g e n c y .  

More o f t e n ,  an  a l t e r r l d t i v e  b a s e  on 
p raynos  is  is  recornmendetl . For example ,  
i f  wed the r  is  t h e  a d v e r s a r y ,  and p o t e n -  
t i a l  c o n d i t i o n s  are enumera ted ,  t h e n  
some t h i n g  of t h e  p r o b a h i l i  t y  of t h e i r  
o c c u r r e n c e  must he known--perhaps from 
c l i ~ a t i c  r e c o r d s .  I f  t h e  p e r i o d  o f  t i i se  
o f  conce rn  to the  dec i s ionmaker  is n e a r  
and. s h o r t ,  p e r h a p s  t h e  h i s t o r i c a l  fre- 
quency of  c o n d i t i o n s  may be  moc"iiied by 
a  wea the r  f o r e c a s t  , Analogoas ly ,  e n o t x ~ h  
o f  t h e  h e a l t h  of  a f o r e s t  :nay he known 
t o  s p e c i f y  t h e  l i k e l i h o o d  of  v d r i o u s  
b i o l o g i c a l  c o n d i t i o n s ,  and t h e r e  dre 
f  o r e c a s  ts of f u t u r e  economi~-: c o n d i t i o n s  , 
What is u s u a l l y  recornmended t o  t h e  d e c i -  
s i o n n a k e r  equ ipped  w i t h  i n f o r m a t i o n  on 
t h e  l i k e l i h o o d  of v a r i o u s  c o n d i t i o n s  i.s 
t h a t  he  d e t e r n i n e  h i s  e x p e c t e d  l o s s  
unde r  ench  of h i s  a l t e r r i d t i v e s  and 
c h o o s e  t h a t  one min imiz ing  h i s  e x p e c t e d  
l o s s  g i v e n  his i n f o r m a t i o n ,  Tha t  i s ,  a 
Bayes i an  s t r a t e g y ,  i s  usual l -y  recom- 
mended i n  such f ~ ) r r n u l ~ ' t t i ~ n s  as b e t t e r  
j u s t i f i e d  t h i n  d minimax o n e ,  
For tile r e d d e r  i n t e r e s  t e d  i n  d e c i s i o n  

t h e o r y ,  s e v e r a l  r e f e r e n c e s  i n  ~ I V  are 
s e l e c t e d  Erorn a voluminous l i t e r a t u r e ,  

11, Procedural Aspects and I l l u s t r a t i v e  
Applications 

I I , 1 .  Locations f o r  Two Companies i n  a 
Forest 

Suppose a s i n g l e  r a i l r o a d  t r a v e r s e s  a 
homogeneously f o r e s t e d  r e g i o n ,  W i t h i n  



t h e  f o r e s t ,  d i s t a n c e s  a l o n g  L3e railway 
from one koun,jary to  t h e  other 3re 
s c a l e d  From zero to  100. Suppose tao 
f o r e s  t pxx'iuc ts companies ir t e n d  t.3 
enter this fnarket by coilstri~er--irtjji a 
s i n g l e  r a i l  s i t l i n g  e n z t ~  where d ~ i ~ o o c l  i?dy 
be scd led, 2arclilas z:l, an13 Loa:ried E%J r 
t r d n s p o r t  to k l ~ e ' i  r respective m i l l s .  
They wds t locclts n t  tdo p o L " ~ t s ,  SUCSI as 
1 and I t ,  i r l  t h e  E y > l l c > w i r l g  f b g u r e ,  

I f  de construct 4 p o i n t ,  H I  halfday 
b e t e e n  I ant3 IT. 3nd assume ea.ch corspany 
w i l l  get nll 3f t'w mod ~:~dr'cetet-i From 
it; side c>E p o i ? t  2, where" shc3aI~;f t h e  
t d o  conzpanies locate their sitlrng? 
This problem f itr; v e r y  rleatly into 

t h e  f ~ r m a t  of a zero-san, two-person 
game ($1.7 ) if i t ' s  assurne:l f o r  
s i m p l i c i t y  th  t t h e  companiec; car1 l o c a t e  

o n l y  a t  a f i n i t e  nilmher: of p o i n t s  a l o n g  
t h e  r a i l w a y ,  say a t  0, 20, 40, 5 0 ,  60,  
50, and 'I 00, Suppose fur t ! le r  t h a t  the 
companies i i r i i l  splits tine market 59-50 if 
they :house the ~~1:rle Loca t ion .  The pay- 
off . n a t r i x  is i;hotlrn in the t.ii2Le h e l o w ,  
Ttle 20sses shown i n  Lhe t l k l e  are the 
, n r r ~ p u r t i o n s  <3f t'2e market y i e l d e d  by 
~Cgil~par~y 11 to Company I, lepending on 
t'?e %do locations chosen. C l e a r l y ,  
Gonljany T I  wishes t o  choose  a locd t ion  
(stsrdtegy) t3 rrti:~-ini.ze stlch a p a y o f f .  
C~rq. .any 1 wishes  t~ inaxi:n~ze it, 

To rlseerfxio, zrhether t h i s  payoff 
m a t r i x  hds a s n t l d l e p o i n t  ($1 .I ) , t h e  
rniqina~rn loss i n  each row i s  appended o n  
t h e  r i g h t  of  t h e  payoff m a t r i x  ($1.4). 
Analogous l y  , t i le  rn(xximt3m l o s s  in each  
column i s  appendeci t o  t h e  b o t t { m ,  
P i r r d l l y ,  i t  is obse rved  t h a t  the raaximt~m 
r > E  t f l e  row minima is  .50, as is t h e  
mi?i.nrln of t h e  c o l i l ~ n  maxima, i . e m  , t h e  
t*.ro clrr-: 2rl1~al and t h i s  payoff  m t r i x  has 
a r ; a d d l e p o i n t ,  Moreover, t h e  optinurn 
li>crt t i -on  (maxirnurn s t r a  t e g y  ) f o r  Company 
f i s  i:1 t h e  cen te r :  (JS the f o r e s t  ( a t  
l o c a t i o n  50)  , 'The optimum l o c a t i o n  
(minimax s t r d l r e g y )  for Company I1 is  
a l s o  i n  the c e n t e r  [ a t  loca t ion .  5 0 ) .  

L o c d t i o n  of Company I1 

Row 
20 40 50 60 80 

Column maxima .90 .70 .55 .90 

min i  mur:~ 



When b o t h  companies l o c a t e  i n  t h e  
c e n t e r ,  t h e y  s h a r e  t h e  market  50-50 ( - 5 0  
i s  t h e  v a l u e  of t h e  game).  The payof f  
c o r r e s p o n d i n g  t o  the two optimum s t r a t e -  
g i e s  e x h i b i t s  the c h a r a c t e r i s  t i c  prop- 
e r t y  of a s a d d l e p o i n t - - i t  i s  smallest i n  
t h e  row and l a r g e s t  i n  t h e  co lumt~  con- 
t a i n i n g  it (91 .2 ) .  

N o t i c e  t h a t  l t ~ c a t i n g  one company a t  
any  p o i n t  o t h e r  t h a n  t h e  c e n t e r  y i e l d s  
more t h a n  half of  t h e  market  t o  t h e  com- 
p e t i t o r  who l o c a t e s  i n  t h e  c e n t e r ,  

11.2, When t o  Patrol 
C o n s i d e r  n e x t  a problem t h a t  con- 

f r o n t s ,  i n  more o r  less complex form, 
many f o r e s  t ;ttanagers whose j o h s  i n c l u d e  
a n  e l e m e n t  of law en fo rcemen t ,  i ,e,,  
whethe r  t o  p a t r o l  a n  a r e d  s u s c e p t i b l e  t o  
unLawfu1 e n t r y ,  Problems of t h i s  t y p e  
a r i s e  i n  many forms due  t o  t h e  suscep -  
t i b i l i t y  of f o r e s t  l a n d  t o  t i m b e r  
t r e s p a s s ,  poach ing ,  a r s o n ,  e t c .  

Suppose a  company f o r e s t e r  i s  
a l e r t e d  t h a t  h i s  l a n d s  a r e  t h e  i n t e n d e d  
t a r g e t  of  an  a r s o n i s t .  Dur ing  any p a r -  
t i c u l a r  s u s c e p t i i > l e  p e r i o d  ie ,g. ,  
o v e r n i g h t )  t h e  a r s o n i s t  may e i t h e r  
a t t e m p t  t o  set  f i r e  o r  he  m y  n o t  ( i ~ e . ,  
he may s t d y  home) ,  The f o r e s t e r ' s  
a l t e r n a t i v e  s t r a t e g i e s  may be t o  p a t r o l  
o r  r e f r a i n ,  Suppose t h e  payof f  m a t r i x  
i s  

Ac t ion  of  

Don ' t  bu rn  

The numer i ca l  v a l u e s  of t h e s e  p a y o f f s  
a r e  deba tab le - - a s  is t h e  a s s ~ ~ m p t i o n  of 
ze ro - sun  payof f  s , B t l t ,  t h e  r a t i o n a l e  
c o u l d  be something  l i k e  t h i s ,  I f  
n e i t h e r  p r o t a g o n i s t  a c t s ,  t h e  (mut t la l )  
r e s u l t  is t h e  s t a t u s  quo- - ind ic t ed  by 
z e r o  p a y o f f ,  I f  t h e  p a t r o l  i s  employed 
i n  t h e  absence  of t h e  a r s o n i s t ,  the corn- 
pany i n c u r s  n c o s t  of 1 man-day of 

u n n e c e s s a r y  l a b o r ,  A l t e r n a t i v e l y ,  i f  
t h e  a r s o n i s t  s t r i k e s  i n  t h e  absence  o f  a 
p a t r o l ,  t i le  company i n c i l r s  I 0  %an-days ' 
l a b o r  i n  s u p p r e s s i n g  t h e  f i r e ,  30th of  
t h e s e  l a h o r  c o s t s  a r e  dssumed t o  a c c r u e  
i n  s a t i s f a c t i o n  ti) t h e  a r s o n i s t  as 
payment fo r  a r e a l  o r  irnagined i - r l j ~ t s t i c e  
by t he  cornpany, F i n a l l y ,  i f  bo th  pro- 
t a g o n i s t s  n c t ,  t h e  a r s o n i s t  is cat_tylzt 
and f i n e d  and /o r  i inpr isoned at c o n -  
s i d e r a b l e  p e r s o n a l  l o s s ,  The company 
c o r r e s p o n d i n g l y  g d i n s  from t h e  r e l i e f  
from f u t u r e  p a t r o l s  and  s u p p r e s s i o n  frorn 
t h e  a r s o n i s t  apprehended and p e r h a p s  
from o t h e r s  who might  e n t e r t a i n  l i k e  
a m b i t i o n s  f ~ r  r evenge  o r  mi sch ie f  i n  t h e  
a b s e n c e  of a n  example of t h e  p o t e n t i a l  
consequences ,  

T h i s  s i m p l e  game does  n o t  p o s s e s s  a 
s a d d l e p o i n t  s i n c e  

Inax min ", = 0 < 1 = min max g i j ,  
i j j i 

i ,e,, t h e  rnaxirn~lr? of  t h e  row minima is  
less t h a n  t h e  minimurn of  tile co luqn  
nlaxima. F-Ience, t h e  optimuxn s t r a t e g y  f o r  
a t  l e a s t  one of t h e  p l a y e r s  i n v o l v e s  a  
m i x t u r e  of h i s  pu re  s t r a t e g i e s ,  and t h e  
v a l u e  of  t h i s  game h a s  n o t  been d e t e r -  
mined,  

A g e n e r a l  a l g e b r a i c  s o l u t i o n  f o r  2x2 
games w i t h  payoff  matrices 

w i t h o u t  s a d d l e p o i n t s  is a v a i l a b l e ,  I n  
s u c h  cjarnes, P l a y e r  1's optimum mixed 
s t r a t e g y  is  t o  choose  h i s  f i r s t  p u r e  
s t r a t e g y  w i t h  p r o b a b i l i t y  p and h i s  
s econd  w i t %  p r o b a b i l i t y  I -p where 



Analogously,  P l a y e r  11's optimum mixed 
s t r a t e g y  is t o  choose h i s  f i r s t  and 
second p u r e  s t r a t e g i e s  w i t h  p r o b a b i l i  - 
t ies  q and 1 -g, r e s p e c t i v e l y ,  where 

F i n a l l y ,  t h e  value of Lhe game is  

{Jsing the numerical  payofEs g iven  a t  
t h e  beg inn ing  of tl?is s e c t i o n  and tile 
r e l e v a n t  formulas ,  it is e a s y  t o  f i n d  
t h a t  

( i )  t h e  c>ptimurn s t r a t e g y  f o r  t h e  
a r s o n i s t  is t o  burn t h e  woods 
w i t h  p r o b a b i l i t y  p z 1/111 m 
,009 and t o  s t a y  borne wi th  
p r o b a b i l i t y  1-p = 110/111 Z 

,991 , 

(ii ) t h e  optimun s t r a t e g y  f o r  the 
f o r e s t e r  is t o  p a t r o l  wi th  
p r o b a b i l i t y  q = 10/1'11 Z .09 
and t o  r e f r a i n  wi th  p r o h a h i l -  
i t y  I-q = 101/111"N .91, and 

(iii) t h e  value  of t h e  game is 
v = 10/111. 

11.3, A Graphical Method for Finding an 
Optimal Strategy for Any Player 
With mo Strategies 

Without  a t t e m p t i n g  t o  mot iva te  t h e  
s p e c i f i c  game, we n e x t  i Z l u s t r a t e  CI 

g r a p h i c a l  t echn ique  fo r  f i n d i n g  
( a p p r o x i z a t e l y )  a n  optiaum nixed s t r a t -  
egy  f o r  any p l a y e r  who has  on ly  two 
p u r e  s t r a t e g i e s  frorn which t o  choose ,  
Y i s  opponent lnay have any ( f i n i t e )  
number of pure  s tua  t e g i e s  , Caref al 
s t u d y  of this m a t e r i a l  w i l l  f a c i l i t a t e  
unders tand ing  of $111, The example h e r e  
i s  from S i n g l e t o n  and Tyndal l  ( 1974) , 

Cons ide r  t h e  game wi th  payoff m a t r i x  

P l a y e r  I1 S t r a t e g i e s  



S i n c e  t h e  payoff m a t r i x  has  no sadd le -  
p o i n t ,  t h e  problem f o r  P l a y e r  I i s  t o  
f i n d  a mixture  of h i s  two pure  s t r a t -  
e g i e s ,  a l  and a 2 ,  t h a t  maximizes h i s  
minimum expected g a i n  ( a g a i n s t  any pure  
o r  mixed s t r a t e g y  of P l a y e r  11). Thus, 
P l a y e r  I seeks  a p r o b a b i l i t y ,  p, wi th  
which he w i l l  choose h i s  s t r a t e g y  
a1 (and consequen t ly  a p r o b a b i l i t y ,  I-p, 
w i t h  which he w i l l  choose h i s  s t r a t e g y  
a,)  t o  rnaximize h i s  minimum expec ted  
g a i n .  

Cons ide r  t h a t ,  g i v e n  p, P l a y e r  1's 
expec ted  g a i n  a g a i n s t  b l  (cf . column one 
of t h e  payoff m a t r i x )  i s  

T h i s  f u n c t i o n  is  p l o t t e d  and l a b e l e d  i n  
t h e  f o l l o w i n g  graph.  I t  shows, f o r  
example, t h a t  i f  P l a y e r  I chooses  p = 0, 
s o  t h a t  he chooses w i t h  c e r t a i n t y  h i s  
s t r a t e g y  a2, then he g a i n s  a g a i n s t  
b l  e x a c t l y  z e r o  (c f  . payoff m a t r i x ) .  I f  
P l a y e r  I chooses  p  = 1  so t h d t  he 

chooses  w i t h  c e r t a i n t y  h i s  s t r a t e g y  a1 , 
t h e n  he  g a i n s  a g a i n s t  bl one.  I f  P l a y e r  
I chooses  an  i n t e r m e d i a t e  p s o  t h a t  he 
chooses  a  mixture  of a l  and a 2 ,  then  h i s  
expec ted  g a i n  a g a i n s t  b1 i s  g iven  by t h e  
graph of 5 ( p )  . Thus, i f  P l a y e r  I 
f l i p s  a f a i r  c o i n  t o  choose between 
a1 and "2, h i s  expec ted  g a i n  a g a i n s t  
b l  i s  one-hal f .  

S i m i l a r l y ,  g iven  p ,  P l a y e r  I t s  ex- 
p e c t e d  g a i n  a g a i n s t  b2, h3, and b4 ( c f .  
columns 2,  3, and 4 of the payoff 
m a t r i x )  a r e ,  r e s p e c t i v e l y ,  

c 3  (p )  = 4p - 3 ( 1  - p )  , and 

A l l  of t h e s e  f u n c t i o n s  a r e  d e p i c t e d  i n  
t h e  fo l lowing  graph.  



P o i n t s  on t h e s e  s t r a i g h t  l i n e s  d e p i c t  
t h e  e x p e c t e d  g a i n  of P l a y e r  I a g a i n s t  
e a c h  of t h e  p u r e  s t r a t e g i e s  of P l a y e r  I1 
f o r  arty p i n  t h e  i n t e r v a l  z e r o  t o  one ,  
i n c l u s i v e ,  i e e  ., f o r  any  mixed s t r a t e g y  
f o r  P l a y e r  I. 

Rut ,  t h e  g raph  i n s t a n t l y  shows more 
t h a n  t h a t ,  For e v e r y  p ,  it shows P l a y e r  
1's minimum e x p e c t e d  g a i n ,  *a t eve r  
P l a y e r  11's s t r a t e g y .  P l a y e r  1's min i -  
mum expected g a i n  is 

t h e  h o l d ,  segmented l i n e a r  f u n c t i o n  i n  
t h e  g raph .  C l e a r l y ,  P l a y e r  I max in izes  
h i s  minimurq e x p e c t e d  g a i n  by c h o o s i n g  p  
t o  maximize 5 ( p ) ,  ice., by c h o o s i n g  t h e  
p o i n t ,  ,no, t i c k e d  on t h e  g r a p h ' s  a x i s  a t  
p = 0.8, Thus, P l a y e r  I t s  opt inum s t r a t -  
egy  i s  t o  choose  

a1 w i t h  p r o b a b i l i t y  0 - 8 ,  and 

a2 w i t h  p r o b a b i l i t y  0.2. 

Any a l t a r n a t i v e  c h o i c e  of 11 c l e a r l y  
l o w e r s  P l a y e r  1's minimum e x g e c t e d  g a i n  
( c f  . g r a p h )  , 

t h e n  h i s  e x p e c t e d  g a i n  a g a i n s t  each  of 
P l a y e r  I1 's  s t r a t e g i e s  may be w r i  t t e n  
down, These e x p e c t a t i o n s  a r e  : 

( a g a i n s t  b l )  

( a g a i n s t  b 2 ) 

and 

( a g a i n s t  bn )  

Now, f o r  t h e  moment, s i m p l y  d e f i n e  a 
q u a n t i t y  TJ a s  t h e  minimum of  t h e s e  
e x p e c t a t i o n s ,  i ,em, d e f i n e  

Then (cf, $ 1 1 ~ 3 )  P l a y e r  1's problem i s  
t o  choose  p t o  maximize V. 

I n  a n a l o g y  w i t h  problems of l i n e a r  
programing,  t h i n k  of P l a y e r  I as h a v i n g  

( i )  c h o i c e  v a r i a b l e s  p  .*. 
1 '  P2f  r Pm' 

and  V, and 
111, Programing f o r  Computer Execution 

( i i )  t h e  o b j e c t i v e  of maximizing V. 

Fo l lowing  t h e  s t r a t e g y  i m p l i c i t  i n  
$ 1 1 ~ 3 ,  we can  o u t l i n e  a l i n e a r  
programing method fo r  t h e  s o l u t i o n  of 
g e n e r a l  mxn games. 

Remembering t h e  c o n s t r a i n t s  on t h e  p i  
and  t h e  d e f i n i t i o n  ( immedia t e ly  above )  
of V, P l a y e r  1% problem is t o  choose  

P l r  P2r - - *  f &% t o :  

C o n s i d e r  t h e  game w i t h  p a y o f f s  
maximize V such  t h a t  

where m and n a r e  ( i n  p r i n c i p l e )  any 
f i n i t e  p o s i t i v e  i n t e g e r s ,  C o n s i d e r  
f i r s t  t h e  problem o f  f i n d i n g  a n  optimum 
s t r a t e g y  f o r  P l a y e r  I ,  i . e m ,  an optimum 
v e c t o r ,  p,  of p r o b a b i l i t i e s  f o r  choos ing  
among h i z  rn p u r e  s t r a t e g i e s  a l  , a 2 ,  " , 
a,. Should  P l a y e r  I choose  t h e  p a r -  
t i c u l a r  mixed s t r a t e g y  ( c f .  $ 1 ~ 5 )  



Now, add~ng  a c o n s t a n t  to all e l e a e n t s  
o f  Lhe payoff r n a t r i x  c h a n g e s  no t l l i qg  a s  
f a r  as s t r a t e g i e s  E d r  p l a y i n g  a game are 
eortcerrzed . I n  p i i r t l c r l l a r ,  c o n s  t a n  t 
t o  ix cxddeiJ. may k c h o s e n  t i ,  be -max min 
E i j .  T h i s  c l e a r l y  a s s u r e s  t31dt ti le L J  

val ize  o f  t h e  gane L:z n o r ~ n e y a t i v e .  Con- 
s e q u e n t l y ,  we may assame t h a t  V > 0. 
Then P l a y e r  1's p rob l em o f  f i n d i G  a11 
optimurrt s t r a t e g y  i s  the f o l l o w i n g  l i n e a r  
p r o g r a m i n g  program i n  rimre cotr v\?rl t i o n a l  
n o t a t i o n :  

Choose  p l  , p2, o e sm, V t o  maximize 
V s u b j e c t  t o  

P l a y e r  XI 9 p rob l em of f i n d i n g  a n  
optimum s t r a t e g y  is t h e  Earnorzs duality 
p rob l em o f  li n e a r  2 r u g r a m i n g .  
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